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Abstract. The topology of Stein surfaces and contact 3-manifolds is studied by means of handle decomposi-
tions. A simple characterization of homeomorphism types of Stein surfaces is obtained — they correspond to
open handlebodies with all handles of index ≤ 2. An uncountable collection of exotic R4’s is shown to admit
Stein structures. New invariants of contact 3-manifolds are produced, including a complete (and computable)
set of invariants for determining the homotopy class of a 2-plane field on a 3-manifold. These invariants are
applicable to Seiberg-Witten theory. Several families of oriented 3-manifolds are examined, namely the Seifert
fibered spaces and all surgeries on various links in S3, and in each case it is seen that “most” members of the
family are the oriented boundaries of Stein surfaces.
0. Introduction.
It is becoming evident that low-dimensional topology is intimately connected with the topology of
complex, symplectic and contact manifolds. The differential topology of closed 4-manifolds is entwined
with that of complex surfaces and symplectic 4-manifolds, as is clear from Donaldson theory (for example
[Do]) and more recent developments involving the Seiberg-Witten equations and Gromov invariants (for
example, Taubes [T]). Cutting and pasting leads us to consider manifolds with boundary, whose corre-
sponding geometric analogs are compact complex and symplectic manifolds with boundaries that inherit
compatible tight contact structures. The topology of 3-manifolds with tight contact structures is subtle
and still mysterious, as is the question of when they bound complex or symplectic 4-manifolds. There are
some similarities, however, with the study of taut foliations on 3-manifolds, which has had a profound
influence on 3-manifold topology. Considering the interiors of complex or symplectic manifolds with con-
tact boundaries, we are led to the notion of a Stein manifold, which is perhaps the most natural notion of
an open complex or exact symplectic manifold that is “nice at infinity.” It is natural to ask which open
4-manifolds admit Stein structures. Eliashberg [E2] proved that Stein manifolds can be characterized in
terms of handle decompositions. In the present article, we will use Eliashberg’s theorem to study Stein
surfaces (real dimension 4), producing a simple characterization of their homeomorphism types and some
new examples such as Stein structures on exotic R4’s. We will also use handlebodies to study contact
3-manifolds and their holomorphic fillings, i.e., compact complex surfaces with contact boundaries.
We begin by discussing Stein manifolds. (See [E2], [E6] for more details and Section 1 for some
key definitions in low dimensions.) Stein manifolds are complex manifolds (necessarily noncompact) that
admit proper holomorphic embeddings in CN for sufficiently large N . They carry exact Ka¨hler structures,
and an equivalent notion can be formulated in terms of symplectic structures [EG]. A complex manifold
X is Stein if and only if it admits an “exhausting strictly plurisubharmonic function,” which is essentially
characterized as being a proper function f : X → R that is bounded below and can be assumed a Morse
function, whose level sets f−1(c) are “strictly pseudoconvex” (away from critical points), where f−1(c) is
oriented as the boundary of the complex manifold f−1(−∞, c]. Strict pseudoconvexity implies, and for
X of real dimension 4 is equivalent to asserting, that f−1(c) inherits a contact structure determining its
given orientation.
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We will call a compact, complex X with boundary a Stein domain if it admits a strictly plurisubhar-
monic function such that the boundary ∂X is a level set. Then ∂X will be strictly pseudoconvex and
intX will be a Stein manifold (with the same level set structure as X). Conversely, if f : X → R is
an exhausting strictly plurisubharmonic function on a Stein manifold, then f−1(−∞, c] will be a Stein
domain for any regular value c. Thus, we can almost interchangeably talk about Stein domains and Stein
manifolds in the presence of (exhausting) strictly plurisubharmonic Morse functions with only finitely
many critical points. We will call a Stein manifold or domain of complex dimension 2 a Stein surface
(with boundary). Any compact, complex surface with nonempty, strictly pseudoconvex boundary can be
made Stein in this sense by deforming it and blowing down any exceptional curves [Bo].
Eliashberg’s theorem [E2] characterizing Stein manifolds of complex dimension n > 2 can be stated as
follows. (For an independent treatment of handle addition in the symplectic category, see [W].)
Theorem 0.1 (Eliashberg). For n > 2, a smooth, almost-complex, open 2n-manifold admits a Stein
structure if and only if it is the interior of a (possibly infinite) handlebody without handles of index > n.
The Stein structure can be chosen to be homotopic to the given almost-complex structure, and the given
handle decomposition is induced by an exhausting strictly plurisubharmonic Morse function. Similarly, a
smooth, almost complex, compact 2n-manifold (n > 2) with a handle decomposition without handles of
index > n admits a homotopic Stein domain structure with a suitable plurisubharmonic function inducing
the handle decomposition.
Thus, in high dimensions, an almost-complex structure and a handle decomposition with no handles of
index above the middle dimension are sufficient to guarantee the existence of a Stein structure. Implicit
in the same paper is a theorem in the n = 2 case (which is also due to Eliashberg, cf. [E5], but not
explicitly published). We state it as Theorem 1.3 below. When n = 2, the required almost-complex
structure always exists (for oriented handlebodies as in the theorem). The main difference between this
case and the n > 2 case, however, is that when n = 2, there is a serious restriction on the allowable
framings by which the 2-handles are attached. In practice, it is a delicate matter to determine whether
a given 4-manifold admits a handle structure with allowable framings, and if so, which almost-complex
structures can be so realized. Thus, while Eliashberg has characterized Stein manifolds in all dimensions
in terms of differential topology, the case of 4-manifolds and Stein surfaces still presents great challenges
in applications. It is these applications that the present article addresses.
One application is the characterization of Stein surfaces (without boundary) up to homeomorphism
(Section 3). Freedman’s work on topological 4-manifolds [F], [FQ] shows that if we forget about smooth
structures, then the theory of 4-manifolds (with small π1) becomes similar to that of higher dimensional
manifolds, hence, easier to understand. In that spirit, we prove (Theorem 3.1) that Eliashberg’s theorem
in high dimensions applies up to homeomorphism to 4-manifolds. That is, an open, oriented topological
4-manifold X is (orientation-preserving) homeomorphic to a Stein surface if and only if it is the interior of
a topological (or smooth) handlebody without handles of index > 2, and if so, then any almost-complex
structure can be so realized. The given handle structure will not necessarily come from a plurisubharmonic
(or even smooth Morse) function on the Stein surface, however. As is typical of examples obtained
from Freedman theory, these Stein surfaces will tend to have smooth structures that are in some sense
“exotic.” We cannot expect them to admit proper Morse functions with finitely many critical points.
As an example (Theorem 3.3), CP 2 minus a point admits an uncountable family of diffeomorphism
types of Stein exotic smooth structures, none of which admit proper Morse functions with finitely many
critical points, and none of which contain a smoothly embedded sphere representing a generator of
the homology. Similarly, any R2-bundle over S2 admits a Stein exotic smooth structure containing no
generating smoothly embedded spheres. In contrast, the standard smooth structure on CP 2 − intB4
(or on S2 ×D2) cannot be realized by a compact Stein surface (or even a convex symplectic manifold),
by uniqueness of fillings [Gro], [E3]. As a further application, we show that R4 admits uncountably
many exotic smooth structures that can be realized as Stein surfaces (Theorem 3.4). None of these admit
proper Morse functions with finitely many critical points, but subject to that constraint, one example has
a handle decomposition that is remarkably simple. (It is the example of a simple exotic R4 constructed
by Bizˇaca and the author in [BG].)
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One of the main techniques of this paper is to describe handle decompositions of Stein surfaces explicitly
using Kirby calculus. While this method has already been applied in simple cases without 1-handles [E5],
the general case is more delicate. In Section 2, we establish a standard form for any handle decomposition
obtained from a strictly plurisubharmonic function on a compact Stein surface. We do this via a standard
form for Legendrian links in the connected sum #nS1 × S2 that allows us to define and compute the
rotation number and Thurston-Bennequin invariant of each link component (even those that are nontrivial
in H1). We also provide a complete reduction from Legendrian link theory in #nS
1 × S2 to a theory of
diagrams by introducing a complete set of “Reidemeister moves.” These diagrams allow us to construct
Stein surfaces by drawing pictures. For example, we obtain the above exotic R4’s in this manner. A
Legendrian link diagram in #nS1×S2 also determines a (positively oriented) contact 3-manifold (M, ξ),
namely the oriented boundary of the corresponding compact Stein surface. We say that (M, ξ) is obtained
by contact surgery on the Legendrian link, and that (M, ξ) is holomorphically fillable. In Section 5, we
construct several families of examples. We realize “most” oriented Seifert fibered 3-manifolds by contact
surgery, including all with (possibly nonorientable) base 6= S2, and both orientations on many Brieskorn
homology spheres (Theorem 5.4 and Corollary 5.5). We show that any Seifert fibered space can be
realized in this manner after possibly reversing orientation. For hyperbolic examples, we realize “most”
rational surgeries on the Borromean rings (Theorem 5.9).
We also introduce new invariants for distinguishing contact structures. We define a complete set of
invariants for determining the homotopy class of an oriented 2-plane field on an oriented 3-manifold
M . These invariants are readily computable for the boundary of a compact Stein surface presented in
standard form. An explicit formula for the 2-dimensional obstruction (which measures the associated
spinc-structure) is given by Theorem 4.12. The 3-dimensional obstruction (which, by recent work of
Kronheimer and Mrowka [KM], distinguishes the grading in Seiberg-Witten-Floer Theory) is given by
Definitions 4.2 and 4.15. The construction of these invariants is surprisingly delicate. While a choice
of trivialization on the tangent bundle TM reduces the problem to the homotopy classification of maps
M → S2 (which was solved by Pontrjagin around 1940 [P]), the resulting obstructions depend on the
choice of trivialization, making them hard to work with directly. Our invariants depend (in the worst
case) only on a spin structure and a framing on a certain 1-cycle in M , data that one can easily follow
through Kirby calculus computations. As an application, we show (Corollary 4.6) that the rotation
number (up to sign) and Thurston-Bennequin invariant of a Legendrian knot in S3 are both invariants of
the contact 3-manifoldM obtained by contact surgery on the knot. In particular, the sign of the surgery
coefficient is determined by the contact structure on M . We then observe that we can easily construct
families of different (nonhomotopic and noncontactomorphic) holomorphically fillable contact structures,
on a fixed 3-manifold, that cannot be distinguished by the Chern (= Euler) class of ξ. This provides new
counterexamples to Conjecture 10.3 of [E3]. (Such examples were already known in the weaker case of
symplectically fillable structures [Gi2], although these were all homotopic.) We give several corollaries
about homotopy classes of 2-plane fields (or equivalently, nowhere zero vector fields or “combings”) on
3-manifolds. We also show (Corollary 4.19) that any contact structure respecting the unusual orientation
on the Poincare´ homology sphere must have an overtwisted universal cover. Although Conjecture 5.6
asserts that this oriented manifold should admit no fillable structures, we show in Proposition 5.1 that
it is common (among lens spaces, for example) for holomorphically fillable contact structures to have
finite covers that are overtwisted. In fact, we exploit this phenomenon in Example 5.2 to obtain a
more subtle way of distinguishing tight contact structures. We exhibit a 3-manifold with a pair of
holomorphically fillable contact structures that are homotopic as plane fields, and distinguish these by
whether the corresponding contact structures on a certain 2-fold covering space are tight or overtwisted.
Recent advances in gauge theory such as [KM] are leading to other methods for distinguishing homotopic
contact structures; see [AM] and [LM].
The author wishes to thank Yasha Eliashberg for many indispensable conversations, and to acknowl-
edge the Isaac Newton Institute for Mathematical Sciences in Cambridge, England for their support
during their 1994 program on symplectic and contact topology, at whose lectures by Eliashberg the
author was first properly introduced to contact topology and Stein surfaces.
1. Legendrian links.
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In this section, we review some standard theory of contact 3-manifolds, Legendrian links and their
relation with Stein surfaces. Throughout the paper, we will be working with C∞ oriented 2-plane fields ξ
on oriented (usually closed) 3-manifoldsM . Such a 2-plane field can be written as the kernel of a nowhere
zero 1-form α on M that is unique up to multiplication by nonzero scalar functions. It is easily verified
that the integrability of ξ is equivalent to the condition that α ∧ dα be identically zero. We call (M, ξ) a
contact manifold if ξ is completely nonintegrable in the sense that α∧dα is nowhere zero. (This is clearly
independent of the choice of α.) Then α ∧ dα determines an orientation on M (independent of α and
the orientation of ξ). The contact structure ξ is called positive if this orientation agrees with the given
one on M and negative otherwise. Except where otherwise indicated, we will (without loss of generality)
only deal with positive contact structures. A contactomorphism is a diffeomorphism preserving contact
structures. According to Gray’s Theorem [Gr], contact structures are all locally contactomorphic, and on
closed manifolds they are deformation invariant in the sense that if a homotopy ξt, 0 ≤ t ≤ 1, of 2-plane
fields on M consists entirely of contact structures, then there is an isotopy ϕt of M with ϕ0 = idM ,
(ϕt)∗ξ0 = ξt for each t, and ϕt = ϕ0 wherever ξt is independent of t. When this occurs, we say that
ξ0 and ξ1 are isotopic. Note that contact structures that are homotopic as plane fields need not be
homotopic through contact structures. It follows easily that an isotopy ψt of M that preserves ξ for all t
on a subset N can be changed relN to a contact isotopy, or isotopy of M through contactomorphisms.
(Apply Gray’s Theorem to the family ψ∗t ξ.)
A link L :
∐n
i=1 S
1 →֒M in a contact 3-manifold (M, ξ) is called Legendrian [Ar] if its tangent vectors
all lie in ξ. Two such links are considered equivalent if they are isotopic through a family of Legendrian
links, or equivalently, if they are contact isotopic. Any link in a contact 3-manifold is C0-small isotopic
to a (nonunique) Legendrian link. (Simply replace each arc transverse to ξ by a (left-handed) Legendrian
spiral.) Any diffeomorphism ϕ : K → K ′ between Legendrian knots extends to a contactomorphism
on some neighborhoods of the knots. A Legendrian link comes equipped with a canonical framing of
its normal bundle (up to fiber homotopy and orientation reversal), which is induced by any vector field
transverse to ξ, or equivalently, by a vector field in ξ|L transverse to L. This framing is preserved
by contactomorphisms. For any nullhomologous knot K, there is a canonical bijection from (normal)
framings of K to the integers, sending each framing f to the linking number of K with its push-off
determined by f , and in the Legendrian case the integer corresponding to the canonical framing of K
is called the Thurston-Bennequin invariant tb(K). For any Legendrian knot K, we can find a C0-small
isotopy (necessarily changing its Legendrian knot type) that adds any number of left (negative) twists to
the canonical framing — or in the nullhomologous case, decreases tb(K) by any integer. (Simply add a
spiral to K.) It is not always possible to add right twists (increase tb(K)), however. If (M, ξ) admits a
topologically unknotted Legendrian knot K with tb(K) = 0, then ξ is overtwisted . (The reader can take
this as a definition, or note that any disk bounded by K is isotopic to an overtwisted disk.) In this case,
we can add right twists to any canonical framing. Otherwise, ξ is called tight , and any nullhomologous
knot will have a Legendrian representative with maximal tb. For the unknot, the maximum will be −1.
There are knots in S3, with its standard tight structure, for which the maximal tb is arbitrarily large or
small. (See [R1]; for q = TB, see [R2]). For any nullhomologous knot in a tight contact manifold there is
a bound of tb(K) ≤ −χ(F ) for any embedded, orientable, connected surface F bounded by K [E5]. (See
below for a sharper statement.)
The most interesting contact structures on 3-manifolds are the tight ones — they are somewhat
analogous to taut foliations. While the classification of overtwisted contact structures on a closed 3-
manifold is simple (there is a unique such structure in each homotopy class of 2-plane fields [E1]), the
occurrence of tight structures is poorly understood. Almost the only known obstruction to the existence
of such structures ξ is a bound on c1(ξ) ∈ H2(M ;Z), the Chern class (or equivalently, Euler class) of ξ
as a complex line (real oriented 2-plane) bundle. Namely, if F is a closed, connected, oriented surface in
M , then |〈c1(ξ), F 〉| ≤ −χ(F ) for F 6= S2, and the left-hand side vanishes for F = S2 [E4]. A primary
source of tight contact structures is as follows: Consider a compact, complex surface X with boundary
M . Each tangent space TxM toM will contain a unique 1-dimensional complex subspace of TxX (namely
TxM ∩ iTxM). If these complex lines comprise a contact structure ξ on M determining the boundary
orientation, then X has a strictly pseudoconvex boundary, and (M, ξ) is called holomorphically fillable.
HANDLEBODY CONSTRUCTION OF STEIN SURFACES 5
Eliashberg [E3] proved that any holomorphically fillable contact 3-manifold is tight. This theorem and its
symplectic generalization [E3] are the main tools available for proving tightness of contact structures. Note
that ifM = ∂X and ξ is the complex line field onM induced by a complex (or almost-complex) structure
J on X , then the Chern class c1(ξ) ∈ H2(M ;Z) is the restriction of that of J on X , c1(J) ∈ H2(X ;Z).
This is because the complex bundle TX |M splits as the sum of ξ and a trivial complex line bundle.
There is one additional invariant known for Legendrian links. Let L be a nullhomologous, oriented
Legendrian link in (M, ξ). (In practice, L will be a knot.) Let F be a Seifert surface for L, i.e., a compact,
oriented surface embedded in M (without closed components) whose oriented boundary is L. We define
the rotation number r(L,F ) of L with respect to F to be the relative Chern number 〈c1(ξ, τ), F 〉 of ξ
relative to a tangent vector field τ along L, evaluated on F . (Note that c1(ξ, τ) ∈ H2(M,L;Z).) That
is, we compute r(L,F ) by trivializing the 2-plane bundle ξ|F and counting (with sign) how many times
τ rotates in ξ with respect to the trivialization as we travel around L. Clearly, r(L,F ) only depends
on F through its homology class in H2(M,L;Z), and if c1(ξ) = 0 ∈ H2(M ;Z) then r(L) = r(L,F )
is independent of F . Note that r(L,F ) reverses sign if we reverse the orientation of either L (hence,
F ) or ξ. By adding left twists to L, one can realize any preassigned value of r(L,F ) at the expense of
decreasing tb, as will be clear from our pictures below. In a tight contact manifold, the invariants r and tb
classify those Legendrian knots that are topologically unknotted [EF], and for arbitrary nullhomologous
Legendrian knots K our previous bound on tb(K) is sharpened by the inequality tb(K)+ |r(K)| ≤ −χ(F )
[E5].
Our basic examples of contact 3-manifolds will be R3, S3 and the connected sum #nS1 × S2, each of
which admits a unique (up to isotopy) tight contact structure compatible with its standard orientation
[Be], [E4]. The structures on S3 and #nS1 × S2 are uniquely (up to blowups) holomorphically fillable
— S3 as the boundary of a round ball B4 in C2, and #nS1 × S2 as the boundary of B4 union n 1-
handles [E3]. To see the tight contact structure ξ on S3, we delete a point to obtain the tight structure
on R3. We will always represent this as the kernel of the 1-form α = dz + xdy on R3. (Note that
α ∧ dα = dx ∧ dy ∧ dz.) We orient ξ via the nowhere zero form dα|ξ = dx ∧ dy|ξ. (Note that the
contactomorphism (x, y, z) 7→ (x,−y,−z) reverses orientation on ξ.) We visualize (R3, ξ) by projecting
into the y-z plane. Then the plane ξ(x,y,z) at a point (x, y, z) projects to a line at (y, z) whose slope is
−x.
Legendrian link theory in S3 or R3 now reduces without loss of information to the theory of the
corresponding front projections in R2, as developed by Arnol’d [Ar]. A Legendrian knot in R3 projects to
a closed curve γ in R2 that may have cusps and transverse self-crossings but has no vertical tangencies.
(See Figure 1.) Any such curve comes from a unique Legendrian knot in R3, which may be reconstructed
by setting −x(t) equal to the slope of γ at t, with cusps corresponding to points where the knot is parallel
to the x-axis. Thus, at self-crossings, the curve of most negative slope always crosses in front. For example,
Figure 1 represents the right-handed trefoil knot as in Figure 2. We will continue to draw overcrossings
to avoid confusion, even though it is not actually necessary. Beware that the literature contains diagrams
using the opposite convention, i.e., a left-handed coordinate system. In a front projection of a generic
Legendrian link, the only singularities are transverse double points and cusps isotopic to the curves
z2 = y3 or −y3. In analogy with the Reidemeister moves of ordinary link theory, the moves shown in
Figure 3 (together with their images under 180◦ rotation about any coordinate axis in R3 and isotopies
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of R2 introducing no vertical tangencies) suffice for realizing any equivalence of Legendrian links [S].
y
z
Figure 1 Figure 2
1)
2)
3)
Figure 3
The invariants tb(K) and r(K) for an oriented Legendrian knot K in S3 or R3 are easy to compute
from a front projection. (Note that these are always well-defined, since any knot is nullhomologous in S3
or R3, and c1(ξ) = 0.) We begin with tb(K). Any smooth planar diagram of a knot K in S
3 determines
an obvious blackboard framing via a normal vector field to the immersed curve in R2. This framing is
not isotopy invariant. In fact, the integer corresponding to the blackboard framing is equal to the writhe
w(K) of K, which is the number of self-crossings of K counted with sign. (Signs are determined by
orienting K arbitrarily and comparing with Figure 4, up to rotation.)
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Figure 4
If K is Legendrian, we can compute its canonical framing by observing that the vector field ∂∂z on R
3
is everywhere transverse to ξ, so it gives the canonical framing of K. This framing will agree with the
blackboard framing (obtained by smoothing the projection of K without adding crossings) except for a
half left twist at each cusp (Figure 5).
blackboard
λ ρ
∂
∂z
_
Figure 5
Thus, if λ(K) (resp. ρ(K)) denotes the number of cusps with vertex on the left (resp. right) (Figure 5),
we obtain that the canonical framing differs from the blackboard framing by 12 (λ(K) + ρ(K)) left twists.
But clearly, λ(K) = ρ(K), so we obtain
(1.1) tb(K) = w(K)−
1
2
(λ(K) + ρ(K)) = w(K)− λ(K) .
For example, the trefoil in Figure 2 has tb = 1.
To compute the rotation number r(K), we observe that the vector field ∂∂x trivializes the 2-plane
bundle ξ on R3, so it restricts to a trivialization of ξ|F for any Seifert surface F . Thus, it suffices to
count (with sign) how many times the tangent vector field τ of K crosses ∂∂x as we travel around K. Let
λ+(K) (resp. λ−(K)) be the number of left cusps at which K is oriented upward (resp. downward), and
define ρ±(K) similarly (Figure 6). Let t± = λ± + ρ± be the total number of upward (t+) and downward
(t−) cusps. Since each downward left cusp represents a positive crossing of τ past
∂
∂x (counterclockwise
with respect to dx ∧ dy) and each upward right cusp represents a negative crossing, we obtain
(1.2) r(K) = λ− − ρ+ = ρ− − λ+ =
1
2
(t− − t+) ,
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where the second equality is obtained by using − ∂∂x instead of
∂
∂x and the third is obtained by averaging
the first two. Note that reversing the orientation of K reverses the sign of r(K), as required. If we add
k > 0 upward (downward) zig-zags to K as in Figure 7 (with k = 3), the effect will be to decrease tb(K)
by k and decrease (increase) r(K) by k.
λ
ρ
ρ
t
t
λ
−
−
−
+ +
+
Figure 6
Figure 7
The main purpose of this discussion was to prepare for the statement and applications of Eliashberg’s
Theorem in dimension 4. Recall [K], [GS] that a handle decomposition of a compact, oriented 4-manifold
X with all handles of index ≤ 2 is equivalent to a framed link in #nS1 × S2 = ∂(0-handle ∪ 1-handles).
For each link component, we attach a 2-handle D2×D2 along S1×D2, by identifying the link component
with S1 × 0 and its framing with the product framing on S1 × 0 ⊂ S1 × D2. If the attaching circle is
nullhomologous in #nS1×S2, then its framing is specified by an integer, which is also the self-intersection
number α2 (= α · α) of the homology class α ∈ H2(X ;Z) determined (up to sign) by the 2-handle. For
noncompact 4-manifolds we obtain a similar description, although it can be more complicated due to the
end structure of the union of 0- and 1-handles. For Stein surfaces, we have the following theorem, which
is implicit in [E2]. (See also [E5].)
Theorem 1.3 (Eliashberg). A smooth, oriented, open 4-manifold X admits a Stein structure if and only
if it is the interior of a (possibly infinite) handlebody such that the following hold:
(a) Each handle has index ≤ 2,
(b) Each 2-handle hi is attached along a Legendrian curve Ki in the contact structure induced on the
boundary of the underlying 0- and 1-handles, and
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(c) The framing for attaching each hi is obtained from the canonical framing on Ki by adding a single
left (negative) twist.
A smooth, oriented, compact 4-manifold X admits a Stein structure if and only if it has a handle de-
composition satisfying a, b and c. In either case, any such handle decomposition comes from a strictly
plurisubharmonic function (with ∂X a level set).
Thus, the previous discussion gives an explicit procedure for constructing Stein surfaces with strictly
plurisubharmonic Morse functions lacking index 1 critical points — Simply add 2-handles to a Legendrian
link in S3 = ∂B4 such that the framing on each hi is given by tb(Ki) − 1. We deal with general Stein
surfaces in the next section.
Eliashberg proves this theorem by explicit holomorphic gluing. Each 2-handle is given as a neigh-
borhood of D2 × 0 ⊂ iR2 × R2 = C2. (Note that the equality reverses the natural orientations.) The
attaching circle S1 × 0 is glued to the given Legendrian curve. In particular, the unit tangent vector
field τ to S1 × 0 is mapped into ξ. Since ξ now represents a complex line field, iτ must also map into
ξ, so iτ goes to the canonical framing. However, iτ differs from the product framing on S1 × R2 by
one twist, since τ : S1 → S1 has degree 1. This accounts for the difference of one twist between the
canonical framing and the attaching framing of the 2-handle. (The twist is left-handed because of the
above-mentioned orientation reversal.)
The Chern class of a Stein surface X without 1-handles is easy to compute from a Legendrian link
diagram (cf. [E5]). The homology H2(X ;Z) will be free abelian. To choose a basis, one orients the
framed link. Then each link component is the oriented boundary of a Seifert surface whose union with
the (suitably oriented) core of the 2-handle represents a basis element. The Chern class c1(X) can
now be characterized as the unique element of H2(X ;Z) whose value on each such basis element is the
rotation number of the corresponding oriented Legendrian link component. We will prove a more general
statement in the next section (Proposition 2.3).
2. 1-handles.
In order to represent arbitrary Stein surfaces by means of Legendrian link diagrams, we must find a
way to represent 1-handles. In the usual Kirby calculus for representing handlebodies via framed links
[K], [GS], one can represent a 1-handle by drawing its attaching region. This will be a pair of 3-balls
B1 and B2 in S
3 = ∂B4 (represented by R3), which are taken to be identified by a diffeomorphism
ϕ : B1 → B2 that reverses orientation if the 4-manifold is orientable. Without loss of generality, we
can take B1 and B2 to be round, and choose ϕ conveniently. The standard convention is to take ϕ to
be reflection through the plane perpendicularly bisecting the line segment connecting the centers of B1
and B2. It is sometimes convenient to put the balls in a standard position and assume (without loss of
generality) that the attaching curves of the 2-handles lie in the region between the balls. For example,
this is convenient if we wish to specify framings by integers, as will be discussed below.
We will find a similar description of 1-handles in the setting of Stein surfaces, and establish a standard
form for Legendrian links in #nS1 × S2 that allows us to conveniently define and compute Thurston-
Bennequin invariants. We must observe, however, that the diffeomorphism ϕ is necessarily more com-
plicated than in the smooth case. To understand this, we must consider the characteristic foliation of
a surface F in a contact 3-manifold (M, ξ), which is the singular foliation on F induced by the singular
field of lines ξx ∩ TFx on F . The characteristic foliation of a small round sphere in R3, centered in the
y-z plane, has two singular points, one at each pole. In between, the foliation is roughly a left-handed
spiral with infinitely many turns near each pole. The spirals are somewhat twisted, however, so that they
always cross the y-z plane orthogonally to it. If gluing B1 and B2 by ϕ is to produce a manifold with
contact boundary, then ϕ must preserve the characteristic foliations on ∂Bj . If the contact plane field is
to be orientable, then ϕ must interchange the poles of the spheres ∂Bj (so that an inward
∂
∂z maps to an
outward one). Since ϕ reverses orientation, the spheres ∂Bj cannot both be round, for the left-handed
spiral of ∂Bj at each pole would necessarily map to a right-handed spiral. This is easily remedied by a
C1-small perturbation near each pole to make ∂Bj look locally like the saddle z = −
1
2xy at the origin,
up to translation (cf. [E4]). The characteristic foliations will then be radial near the poles, so it will be
possible to define a map ϕ preserving the characteristic foliations. Note that an additional twist will be
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required to match up the spirals away from the poles.
Fortunately, we will see that in the end it is not necessary to understand ϕ in detail. We will align B1
and B2 along the same horizontal line, show that we can assume ϕ identifies the two points pj ∈ Bj that
are closest to each other, and see that it suffices to keep track of ϕ in a neighborhood of each pj. Note that
at each pj , the characteristic foliation will have tangent ±
∂
∂x . If we orient these flow lines to point toward
us (+ ∂∂x), they will continue toward opposite poles of B1 and B2. Thus, ϕ will preserve the direction
∂
∂x at pj , which will allow us to approximate ϕ by the usual reflection in a neighborhood of p1. (Other
conventions are possible — for example, we could align B1 and B2 vertically and identify their nearest
poles by translating the saddle-shaped regions. This seems to complicate the resulting Legendrian link
diagrams, however, since one must deal carefully with Legendrian curves passing through the saddles.)
Definition 2.1. A Legendrian link diagram in standard form, with n ≥ 0 1-handles, is given by the
following data (see Figure 8):
1) A rectangular box parallel to the axes in R2,
2) A collection of n distinguished segments of each vertical side of the box, aligned horizontally in
pairs and denoted by balls, and
3) A front projection of a generic Legendrian tangle (i.e., disjoint union of Legendrian knots and arcs)
contained in the box, with endpoints lying in the distinguished segments and aligned horizontally
in pairs.
Legendrian
   tangle
Figure 8
Thus, if we attach 1-handles to the pairs of balls, we will obtain a link in #nS1×S2. Now let H denote
a handlebody consisting of a 0-handle and n 1-handles, with the canonical Stein structure determined
by Theorem 1.3 and contact structure ξ on ∂H . Fix an ordering of the 1-handles, a direction for each
1-handle and a homotopy class of nowhere zero vector fields in ξ. Such vector fields exist because c1(ξ)
is the restriction of c1(H) ∈ H2(H ;Z) = 0.
Theorem 2.2. The boundary of H can be identified with a contact manifold obtained from the standard
contact structure on S3 by removing smooth balls and gluing the resulting boundaries as in Figure 8.
The identification exhibits H in the usual way as a smooth handlebody, and it can be assumed to match
the above data for H with corresponding preassigned data for the diagram. Any Legendrian link in
∂H = #nS1×S2 is contact isotopic to one in standard form. Two Legendrian links in standard form are
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contact isotopic in ∂H if and only if they are related by a sequence of the six moves shown in Figures 3
and 9 (and their images under 180◦ rotation about each axis), together with isotopies of the box that fix
the boundary outside of the balls and introduce no vertical tangencies.
4)
5)
6)
Figure 9
The new moves correspond to sliding cusps and crossings over 1-handles, and to swinging a strand
around an attaching ball of a 1-handle. We prove the theorem at the end of this section. Following
the proof, we show that different homotopy classes of vector fields result in different descriptions of
H . These will be contactomorphic, and we describe the contactomorphisms explicitly, but no such
contactomorphism will be contact isotopic to the identity. For a sample of the difficulties encountered in
proving the theorem, consider how to put a link in standard form if it contains Figure 10 — Beware of
disallowed crossings.
Figure 10
For arbitrary knots in #nS1×S2, we would like to establish a convention for identifying framings with
integers, just as we did using linking numbers in the nullhomologous case. There is no isotopy-invariant
way to do this. However, we can adopt a convention from Kirby calculus that assigns integers to framed
knots that are in standard form. These integers will be invariant under isotopies within the box of
Definition 2.1, i.e., Moves 1-5 (Figures 3, 9), but will change under Move 6. To establish the convention,
simply stretch the box in the plane and glue its lateral edges together so that it becomes an annulus,
identifying endpoints of the tangle in the natural way. The tangle becomes an actual knot projected into
the plane. Now we can identify framings with integers using our previous convention. As before, the
blackboard framing becomes w(K), the signed number of self-crossings of K. Clearly, this definition has
the required isotopy invariance. It also agrees with the previous one in the nullhomologous case. Move 6
changes the integer corresponding to any framing on K by twice the number of times (counted with sign)
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that K runs over the 1-handle. To check this and fix the sign, simply consider the blackboard framing,
which is invariant under the move. Now for K Legendrian, we define tb(K) as before, as the integer
corresponding to the canonical framing. It follows immediately that tb(K) is still given by Formula 1.1.
Note that tb(K) can change under Move 6, even though the canonical framing itself is invariant under
contactomorphisms.
We must also define the rotation number r(K) in more generality. Suppose that K is an oriented
Legendrian knot in a contact 3-manifold (M, ξ) with c1(ξ) = 0. Thus, as an abstract real 2-plane bundle,
ξ is trivial. For any preassigned choice of nowhere zero vector field v in ξ (up to homotopies through
such vector fields) we can define the rotation number rv(K) to be the signed number of times that the
tangent vector field τ to K rotates in ξ relative to v as we traverse K. In the nullhomologous case, v
determines a trivialization of ξ|F on any Seifert surface F for K, so our new definition agrees with the
old one (and hence is independent of v) in this case. Now for the tight contact structure ξ on #nS1×S2,
we choose v to be ∂∂x everywhere in the box in Definition 2.1. This fits together in the obvious way on
the 1-handles, and then extends uniquely over #nS1×S2. (Such vector fields are classified by H1( · ;Z).)
Now r(K) = rv(K) is well-defined for any oriented Legendrian knot K in our diagram of #nS
1 × S2,
and it is invariant under contact isotopy. Note, however, that Theorem 2.2 allows us to identify the
diagram with H so that v corresponds to any preassigned nowhere zero vector field in ξ in ∂H . Changing
the latter vector field will change rotation numbers of Legendrian knots in ∂H . The resulting nontrivial
contactomorphisms of ∂H will be described explicitly at the end of this section. Our previous argument
shows that r(K) can still be computed via Formula 1.2 when K is in standard form. In Section 4 we
will show that tb(K) + r(K) + 1 is always congruent mod 2 to the number of times K crosses 1-handles
(Corollary 4.13).
We are led to the following characterization of compact Stein surfaces with boundary.
Proposition 2.3. A smooth, oriented, compact, connected 4-manifold X admits the structure of a Stein
surface (with boundary) if and only if it is given by a handlebody on a Legendrian link in standard form
(Definition 2.1) with the ith 2-handle hi attached to the i
th link component Ki with framing tb(Ki)−1 (as
given by Formula 1.1). Any such handle decomposition is induced by a strictly plurisubharmonic function.
The Chern class c1(J) ∈ H2(X ;Z) of such a Stein structure J is represented by a cocycle whose value on
each hi, oriented as at the end of Section 1, is r(Ki) (as given by Formula 1.2).
Proof. The first part of this proposition is just Eliashberg’s theorem (1.3) augmented by Theorem 2.2 and
the subsequent discussion. (To obtain a unique 0-handle, apply the connectedness of X and uniqueness
of fillings of S3.) To compute c1(J), we trivialize TX as a complex bundle over the union X1 of the 0-
and 1-handles, and measure the failure of the trivialization to extend over the 2-handles. We trivialize
TX over the box given in Definition 2.1 (as a subset of X1), by using the vector field
∂
∂x (which spans ξ)
and an inward normal to ∂X1. These extend uniquely to a frame field (u, v) that trivializes TX1 (since
X1 ≃ ∨S1). Now recall that each 2-handle hi is a neighborhood of D2 × 0 ⊂ iR2 × R2. We choose a
convenient trivialization of its tangent bundle. The tangent and outward normal vector fields τ and ν to
S1 ⊂ D2 together trivialize TD2|S1 over R. The frame field (τ, ν) differs from the product frame field on
D2 ⊂ iR2 by an element of π1(SO(2)). Since D2 lies in iR2 ⊂ C2, the field (τ, ν) also forms a complex
trivialization of Thi|S
1, which differs from a product trivialization by the same element of π1(SO(2)).
Since SO(2) ⊂ SU(2) ⊂ U(2) and SU(2) is simply connected, (τ, ν) extends to a complex trivialization
(τ∗, ν∗) over all of hi. When we attach hi to X1, τ is identified with a tangent vector field to Ki and ν
becomes inward normal to ∂X1 in TX1. Clearly, τ
∗ and u span a complex line bundle L (which agrees
with ξ in the box), while ν∗ and v can be fit together to span a complementary trivial line bundle. Thus,
the desired cochain evaluated on hi is just the relative Chern number of L, which is given by the rotation
number of τ in ξ relative to ∂∂x , or r(Ki). (To check the sign, recall that in the nullhomologous case,
r(Ki) was defined as a relative Chern number on a Seifert surface for Ki, so it is c1(L) evaluated on the
corresponding closed surface in X .) 
Note that the cochain specified above depends on our choice of the vector field used to define r(Ki),
and hence, on how we chose to represent X1 as a picture. However, the cohomology class is well-defined,
since changing the vector field modifies the cocycle by a coboundary. Clearly, the above procedure also
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yields c1(J) for Stein surfaces (X, J) with infinite topology (where we define the rotation numbers r(Ki)
relative to any convenient vector field). Alternatively, note that while an infinite handle decomposition
may have a more complicated link diagram than we have considered (due to the end-structure of the
union of 0- and 1-handles), any finite subhandlebody can be put in standard form.
Before proving Theorem 2.2, it will be convenient to introduce another model for S1 × S2. We begin
by identifying S1 × B3 with a closed ε-neighborhood, with ε = 1, of 0 × iR in C2, modulo translations
by 0× 2πiZ. The tight contact structure of complex lines tangent to S1× S2 will be given by the 1-form
u1 du2−u2 du1+u3 du4 on S1×S2, in the coordinates (u1+ iu2, u3+ iu4) on C2. We pull this form back
to R3 with cylindrical coordinates (r, θ, t), via stereographic projection from a plane through the origin,
R2×R → (S2−(0, 0,−1))×R ⊂ C2, obtaining the form dθ+ 1−r
4
4r2 dt after rescaling the form by a positive
function. This pulls back to the standard form α = dz+xdy on R3, via the covering map from R3 to R3
minus the t-axis given by setting x = 1−r
4
4r2 , y = t, z = θ. Thus, we have exhibited the standard contact
structure on S1×(S2−{poles}) as being the standard structure (R3, ξ) modulo translations by 2π(Z×Z)
in the y-z plane. The spheres p × S2 are given by the annuli y = constant (modulo translations in the
z-direction), each compactified by two points (at x = ±∞). Now we can represent Legendrian links in
S1×S2 in the usual way by their front projections into R2/2πZ2. The new move corresponding to Move 6
(Figure 9) is given by Figure 11 and its image under 180◦ rotation about the y-axis (corresponding to
pushing the link through the transverse circles at x = ±∞). Note that we can use these moves to make a
link disjoint from the top and bottom edges of the square; the correspondence with Theorem 2.2 (n = 1)
should now be clear.
Figure 11
Proof of Theorem 2.2. First, we show that an arbitrary embedding f : S2 → M into a tight contact
3-manifold can be perturbed so that its image f(S2) has a neighborhood contactomorphic to that of
p× S2 ⊂ S1×S2. By [Gi1], it suffices to perturb f so that f(S2) has the same characteristic foliation as
p×S2. Tightness guarantees that the foliation on f(S2) has no closed leaves (which would be Legendrian
unknots with tb = 0). By [E3] (see also [E5]), we can make a C0-small perturbation of f so that f(S2)
has only two singular points in its characteristic foliation. By a C1-small perturbation near the singular
points, we can arrange the characteristic foliation to be radial there (cf. [E4]), so that it is globally
determined (up to diffeomorphisms of S2) by its monodromy map between the circles of unit tangent
vectors at the singular points. By an additional C1-small perturbation near one singular point, we can
change this monodromy by a diffeomorphism of S1, so that the characteristic foliation agrees with that
of p × S2 in S1 × S2 as required. To see this, consider the local model of the singularity given by one
pole of p × S2 in S1 × S2, or in our model of the latter, the x-z plane in the region x ≥ N , |y| < ε in
(R3, ξ)/2πZ2. In the annulus between the circles y = 0 and y = ε/2 in the y-z plane modulo 0 × 2πZ,
draw a flow realizing the given diffeomorphism of S1. By composing with additional 2π-rotations, we
may assume the flow lines have arbitrarily negative slope everywhere, and that the slopes increase in
absolute value with increasing y for fixed z. Interpreting these flow lines as Legendrian curves in R3, we
obtain a surface near the x-z plane with the required characteristic foliation. (To make the perturbation
C1-small, identify p×S2 locally with the plane z = 0 in (R3, dz+ r2dθ) and rescale by (r, z) 7→ (tr, t2z).)
Now given H with its ordered collection of n 1-handles, let S1, . . . , Sn be the corresponding belt
spheres. As above, we can assume that a neighborhood of p×S2 maps contactomorphically into ∂H with
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p × S2 mapping to Si. Similarly, we can find such a map into R3, and the composite realizes Si (with
both choices of orientation) as the boundary of a contact 3-ball B ⊂ R3. We can choose B to be nearly
round, with 0 ∈ R3 lying on the equator of ∂B, so that each contactomorphism ψt(x, y, z) = (tx, ty, t2z),
0 < t ≤ 1, sends B into itself fixing 0. Now we can cut open ∂H along each Si and glue in a pair of
copies Bi1 and Bi2 of B, with the second index determined by the direction of the 1-handle. The result
is S3 with its unique tight contact structure. (An overtwisted disk could be isotoped off of the balls
Bij using ψt, contradicting the tightness of ∂H .) Choose nonsingular points pij ∈ ∂Bij such that pi1
and pi2 correspond under the gluing map ϕi : ∂Bi1 → ∂Bi2 for ∂H . We can assume (after a contact
isotopy of R3 fixing ∂B setwise) that each identification Bij ≈ B sends pij to 0. After a contact isotopy
of S3, we can assume that the points pij are arranged along the edges of a box, say pij = (0, j, i) ∈ R3,
with the outward normals to Bij at pij directed into the box and (dϕi)pi1 = idR2 . By conjugating the
contact isotopy ψt, ε ≤ t ≤ 1, with each identification Bij ≈ B, and extending to a contact isotopy of
S3 via Gray’s Theorem, we can arrange for the balls Bij to be embedded in R
3 by nearly linear maps.
(We draw them as round balls although they will actually be ellipsoidal.) Since (dϕi)pi1 = idR2 , we can
find connected neighborhoods Uij of pij in ∂Bij on which the gluing map ϕi : Ui1 → Ui2 is arbitrarily
closely approximated by a translation in R3. If we apply a contactomorphism of S3 supported near pi1,
rotating the tangent space 360◦ about a vertical axis, before shrinking Bi1 with ψt, the vector field in
∂H corresponding to ∂∂x in the box will be changed by a full twist. Since nowhere zero vector fields in ξ
are classified by H1(∂H ;Z), the vector field corresponding to ∂∂x can be chosen arbitrarily. We have now
represented H as in Definition 2.1, with the required control of the auxiliary data.
Now let L be a Legendrian link in ∂H . The image of L in S3 will be a tangle that can run into,
around, behind or in front of the sphere Sij = ∂Bij as in Figure 10, although we can assume that the
front projection of L is disjoint from each pij , and hence (after we shrink the neighborhoods Uij) the
projections of L and Uij are disjoint. For each i, let Ai ⊂ Si be the arc whose interior is a leaf of
the characteristic foliation, and whose image in Si1 contains pi1. By general position, we can assume
that L is disjoint from each Ai. Using our contactomorphism on a neighborhood of Si sending Si to
p × S2 ⊂ S1 × S2, we can visualize Si − Ai as R × 0 × (0, 2π) ⊂ R × (−ε, ε) × R/2πZ in our picture of
S1 × S2. For any compact subset C of ∂H − Ai, there is a contact isotopy Fs compactly supported in
R× (−ε, ε)× (0, 2π) that moves C to a set whose intersection with Si maps into Ui1 in Si1. To construct
this, start with a suitable isotopy fs in (−ε, ε) × (0, 2π) preserving the direction of
∂
∂z (see Figure 12).
There is a unique contact isotopy of R× (−ε, ε)× (0, 2π) projecting to fs, since the x-coordinate of each
point is determined by the slope of the corresponding contact plane, hence controlled by dfs. To obtain
compact support, truncate the isotopy for sufficiently large values of |x| by applying Gray’s Theorem.
Taking C = L, we isotope L so that it intersects the spheres Sij only in Uij . By prechoosing Uij and ε
to be sufficiently small, we can assume that all points in our neighborhood of Si that project onto Uij in
our original planar diagram of ∂H (Definition 2.1) will lie in a preassigned neighborhood of the top and
bottom edges of Figure 12, with a narrow range of x-coordinates. Thus, the only points of L that may
project onto Uij (after the above isotopy of L) will lie on small arcs intersecting Si in Figure 12. In the
original diagram, these arcs will be parallel, emerging horizontally from Sij and then doubling back with
nowhere zero slope to follow the characteristic folation of Sij . By increasing the slope if necessary, we
can arrange that L project onto Uij only at the endpoints of the tangle. Let ℓi denote the horizontal line
in R3 passing through the centers of the balls Bi1 and Bi2, with the segment between the balls deleted.
By general position, we can assume that L is disjoint from each ℓi. It is now easy to construct a contact
isotopy of R3 (for example, via a planar projection preserving ∂∂z ) that pushes L away from each ℓi and
then entirely into the box, i.e., into standard form. Note that it is crucial here that L not run in front of
or behind Uij . (Consider the difficulties inherent in Figure 10.)
To prove the final assertion of the theorem, suppose that {Lt | 0 ≤ t ≤ 1} is an isotopy of Legendrian
links in ∂H , with L0 and L1 in standard form. We wish to show that L0 and L1 are related by Moves 1-6.
Let T ⊂ (0, 1) be the set of parameter values t for which Lt intersects some Legendrian curve Ai or
ℓi. The homogeneity of contact structures allows us to construct enough deformations of a Legendrian
isotopy to apply transversality theory, so we may assume that T is finite, for t ∈ T , Lt ∩
⋃
i(Ai ∪ ℓi)
is a single point, and near each such intersection the isotopy has a canonical form. After an additional
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Figure 12
modification, we obtain a small ε such that for each t ∈ T , the links with parameter between t ± ε are
identical except for a canonical push across some Ai or ℓi. The complement of an ε-neighborhood of T in
[0, 1] is a finite collection of intervals [t1, t2], each of which parametizes a Legendrian isotopy from Lt1 to
Lt2 in ∂H that is disjoint from each Ai and ℓi. The procedure of the previous paragraph simultaneously
pushes each isotopy into the box, after we suitably enlarge T to allow for intersections with ℓi created by
the first isotopy Fs. (Note that while we previously disallowed links projecting onto any pij , a transverse
pass across pij does not affect the construction.) Each Lt is sent to a Legendrian link L
′
t in the box,
and we can assume that the endpoints L′tk of each isotopy are in standard form. Now if we identify
opposite edges of the box at the 1-handles, we essentially have an ordinary front projection of isotopies
of Legendrian links, together with a set of distinguished vertical arcs where we have glued. Thus, we can
reduce each isotopy between L′t1 and L
′
t2 to a sequence of Moves 1-3 (cf. [S]), together with Moves 4 and
5 to account for sliding cusps and double points over 1-handles. We will complete the proof by showing
that for each t ∈ T , the links L′t−ε and L
′
t+ε are related by Moves 1-6, as are the links Lt and L
′
t for
t = 0, 1.
Suppose that t ∈ T corresponds to an intersection with some ℓi. At the intersection, we can take a
local model of the front projection of Lt (or F1(Lt)) to be a parabola tangent to ℓi, and the isotopy from
Lt−ε to Lt+ε to correspond to a vertical translation. Tracing through the above procedure for producing
L′t±ε, we see that these links will differ by Move 6
′ of Figure 13. Figure 14 shows how to reduce Move 6′ to
Moves 1-6. The same argument, with the isotopy Fs of the previous paragraph taken to be the identity,
shows that two links in standard form are related by Moves 1–6 if they are related by a Legendrian
isotopy in ∂H disjoint from each Sij − Uij . It follows that Lt and L′t are so related for t = 0, 1.
6 )′
Figure 13
For the remaining values t ∈ T , we have Lt intersecting some Ai. Now we must analyze the effect
of the isotopy Fs of Figure 12 on pictures in standard form. Recall that the top and bottom edges of
Figure 12 are identified, and that Ai projects to the identified endpoints of the vertical arc representing
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Figure 14
Si. Allowing isotopies of L
′
t±ε disjoint from Sij − Uij , and reversing the sign of ε if necessary, we can
assume that Lt−ε is given near Lt ∩ Ai by a horizontal arc through a point p− in Si near the top edge
of Figure 12, and that this curve is fixed by Fs. Similarly, we can obtain Lt+ε from Lt−ε by pushing the
point of intersection upward through Ai, to a point p+ near the bottom of the figure. Thus the isotopy
Fs will fix p− and move p+ to the top of the picture. We can assume that the maps from a neighborhood
of Lt ∩ Ai in Figure 12 to Ui1 and Ui2 in Figure 8 are sufficiently well approximated by translations in
R3 that F1 aligns the points of Lt±ε ∩ Sij vertically in Si1 and Si2, with F1(p+) on the bottom and p−
on top. To translate Figure 12 into a standard picture of ∂H , we first draw the z-axis of Figure 12 as a
transverse equatorial circle in each Sij , projecting to a figure-8. (See Figure 15.) The arrows indicate the
direction of Fs (
∂
∂z in Figure 12). Note that this orients the equators of both spheres counterclockwise,
and is consistent with an orientation-reversing gluing map ϕi : Si1 → Si2 interchanging the poles. (We
can assume that ϕi identifies the equators by 180
◦ rotation about the z-axis.) The isotopy Fs will push
p+ counterclockwise once around each equatorial curve. To determine its effect on Lt+ε, we examine the
curves in Figure 12. On each segment where the second derivative has large magnitude, the curve will
be traveling nearly parallel to the characteristic foliation of Si (a left-handed spiral in Figure 15). Where
the first derivatives have large magnitude, the curves travel crosswise to the foliation near the poles of Si.
By checking orientations, we see that these parts of the curves will lie above both northern hemispheres
in Figure 15. Figures 15 and 16 (and the image of Figure 16 under 180◦ rotation about the z-axis) show
the isotopy Fs. Completing our contact isotopy to obtain L
′
t±ε, we see that these two links differ by the
move shown in Figure 17. (We can remove the extra spirals by Move 1. Note that the other curves in
Figure 12 lie farther from Sij in Figures 15 and 16, as does the rest of Lt±ε, so these do not interfere, and
can be pushed away toward the center of the box in Figure 17 by Moves 2 and 3.) Figure 18 provides
the reduction from this move to Moves 1-6. 
Remarks. It is easily checked that Move 6′ (Figure 13) is equivalent to Move 6 (Figure 9) in the presence
of Moves 1-3 (Figure 3). Figure 18 generalizes to give a derivation of the move in Figure 19, which
represents a collection of strands being looped around and under a 1-handle. Of course, this contact
isotopy preserves the canonical framing of each knot K, as well as r(K), but the integer tb(K) changes
HANDLEBODY CONSTRUCTION OF STEIN SURFACES 17
p
+ p+
Figure 15
Figure 16
Figure 17
in general. A related example is given by Figure 20, which shows how we can convert a right crossing to
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a left one, by a smooth (not contact) isotopy that adds a right twist to the canonical framing of K. Such
tricks can be useful for putting Stein structures on preassigned smooth 4-manifolds.
Moves 1, 6
Moves 4, 5
Figure 18
Figure 19
Implicit in the proof of Theorem 2.2 are nontrivial self-equivalences of H (up to Stein-homotopy [E6])
that are smoothly isotopic to the identity. We found a contactomorphism ψi that twisted the vector field
in ∂H corresponding to ∂∂x , by rotating Bi1 through 360
◦. The proof of the theorem shows that ψi acts
on Legendrian links as in Figure 21, up to contact isotopy. (For example, start with horizontal arcs in
Figure 12, then apply a vertical Dehn twist on one side.) Figure 19 verifies that these moves for ψi and
ψ−1i are indeed inverses up to contact isotopy. In our alternate picture of S
1×S2, ψ1 is given by a Dehn
twist on the torus, ψ1(x, y, z) = (x− 1, y, y+ z) on R3/0× 2πZ2. Now ψi ◦ψi is smoothly isotopic to the
identity, since π1(SO(3)) ∼= Z2. However, no nonzero power of ψi is contact isotopic to the identity. This
is because ψi twists any nonzero vector field v in ξ, and π1(SO(2)) ∼= Z. For example, if K runs once
over the 1-handle, then ψi will increase the rotation number of K by 1, so ψ
n
i (K) will not be contact
isotopic to K for n 6= 0. Clearly, we obtain other automorphisms of H , which are nontrivial on π1, by
changing the other auxiliary data. Changes of order or directions of the 1-handles correspond to various
permutations of the balls Bij . We can reverse the orientation of ξ by rotating about the x- or y-axis.
Allowing other handle structures on H increases the symmetries (by 1-handle slides).
Move 1
Mo
ve 6
∆ tb = +1
Figure 20
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3. Exotic Stein surfaces.
In this section, we give a simple characterization of those manifolds that are homeomorphic to Stein
surfaces. We obtain many new examples of Stein surfaces, most of which are in some sense “exotic” as
smooth manifolds. For example, we obtain an uncountable family of nondiffeomorphic Stein surfaces, all
of which are homeomorphic to R4 (“exotic” R4’s).
Theorem 3.1. An open, oriented, topological 4-manifold X is homeomorphic to a Stein surface if and
only if it is the interior of a (possibly infinite) handlebody H without handles of index > 2. If so, then any
almost-complex structure on X (up to homotopy) is induced by an orientation-preserving homeomorphism
from a Stein surface.
To clarify the last statement, we must specify the meaning of an almost-complex structure (up to
homotopy) on the topological manifold X . Any 4-dimensional topological handlebody can be canonically
smoothed, since the gluing maps are flat topological embeddings of 3-manifolds, and these are always
uniquely smoothable. Thus, we can define almost-complex structures on X in the usual way relative to a
fixed smoothing. To ensure that homeomorphisms induce canonical correspondences of such structures,
however, requires more work. Recall (e.g., [KM], [T]) that an almost-complex structure on a smooth
4-manifold determines a spinc-structure. In our case Hi(X ;Z) = 0 for i > 2, so the correspondence
is bijective (since Spinc(4)/U(2) ≈ S3 is 2-connected), and it suffices to define spinc-structures on ori-
ented topological 4-manifolds. Every such manifold has a topological tangent bundle with structure
group STop(4), the group of orientation-preserving homeomorphisms of (R4, 0) [KS]. Since the inclusion
SO(4) →֒ STop(4) is double covered by an inclusion Spin(4) →֒ SpinTop(4), we can replace Spin(4) by
SpinTop(4) in Spinc(4) = (S1 × Spin(4))/Z2, and construct a theory of topological spinc-structures that
reduces to the usual theory in the presence of a smooth structure [G3]. Orientation-preserving home-
omorphisms will preserve these structures in the same manner that diffeomorphisms do, so we obtain
a homeomorphism-invariant notion of almost-complex structures on X . Absolute and relative Chern
classes c1 will be preserved by orientation-preserving homeomorphisms, since they are determined by the
complex line bundles associated to the corresponding topological spinc-structures. (A related argument
applies to homotopy equivalences [G3].)
To enumerate almost-complex structures on X , we smooth X as intH . Since SO(4)/U(2) ≈ S2 is
simply connected, almost-complex structures exist, and we can assume that they all agree on the union
X1 of 0- and 1-handles. After fixing a complex trivialization τ there, we obtain a relative Chern class
in H2(X,X1;Z) for each almost-complex structure. These will reduce modulo 2 to the relative Stiefel-
Whitney class w2(X, τ) ∈ H2(X,X1;Z2). Since π2(SO(4)/U(2)) ∼= Z, obstruction theory produces a
surjection from integer lifts of w2(X, τ) to almost-complex structures, via c1. (The map fails to be
injective, since there will be nontrivial self-homotopies of the structure over X1, changing τ by any even
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number of twists. In fact, the set of almost-complex structures on X is affinely H2(X ;Z), with difference
cocycles given by half the difference in relative Chern classes.)
Proof. Clearly, any manifold homeomorphic to a Stein surface has the required handle structure. (See
Theorem 1.3.) For the converse, we start with X = intH as in the theorem, and construct a Stein surface
homeomorphic to X . We assume (as above) that H is a smooth handlebody, and fix a trivialization τ
of the unique (up to homotopy) almost-complex structure on X1, the intersection of X with the 0- and
1-handles ofH . We pick an integer lift c ∈ H2(X,X1;Z) of w2(X, τ), and arrange for the homeomorphism
to map c onto the Chern class of the Stein surface (relative to the corresponding trivialization on the
preimage of X1). The theorem then follows from the discussion above.
Consider a handlebody H ′ obtained from H by removing each 2-handle hi and regluing it along the
same attaching circle, but with an even number 2ki of left (negative) twists added to its framing. By
Eliashberg’s Theorem (1.3), intH ′ will be Stein if each ki is sufficiently large. Clearly, H
′ is canonically
homotopy equivalent relX1 to H and X , with w2(H
′, τ) mapping to w2(X, τ) since the numbers of twists
were even. Thus, c1(H
′, τ) and c differ by an even class in H2(X,X1;Z). Since adding 2 left twists to
the framing of hi allows us to change c1(H
′, τ) by ±2 on hi (cf. Figure 7 and Proposition 2.3), we can
assume (for each ki sufficiently large) that c1(H
′, τ) maps to c under the homotopy equivalence.
Our homotopy equivalence between H ′ and X does not preserve the intersection pairing, a defect
which we will remedy at the expense of increasing π1, as follows. Close inspection of Eliashberg’s paper
[E2] shows that we can put self-plumbings of either sign in each of the 2-handles of H ′, without changing
the gluing maps, and after smoothing, still have a manifold H ′′ whose interior is Stein. (A self-plumbing
is performed by choosing a pair of disjoint disks D,D′ ⊂ D2 and gluing D × D2 to D′ × D2 in the
2-handle D2×D2, by a diffeomorphism interchanging the factors. Since the 2-handles are constructed by
Lemmas 3.5.1 and 3.4.3 of [E2], we can assume that part of each handle is given as an arbitrarily narrow
ε-neighborhood of D2× 0 in iR2×R2. We can then do the self-plumbings, smoothing by Lemma 3.4.4 to
preserve the Stein property.) Alternatively, we may do each plumbing explicitly in a link picture by adding
a 1-handle as in Figure 22 (ignoring the dashed curves) (cf. [C], [GS]). Suppose we obtain H ′′ from H ′ by
adding ki self-plumbings (counted with sign) to each hi, transforming it into a kinky handle h
′′
i . There
is a canonical local diffeomorphism ϕ : H ′ → H ′′ relX1 that induces isomorphisms on H2 and H2. Since
ϕ preserves the almost-complex structures, the Chern class c1(H
′′, τ) corresponds to c ∈ H2(X,X1;Z)
under the obvious isomorphism. Furthermore, the given isomorphism H2(H
′′;Z) ∼= H2(X ;Z) preserves
the intersection pairing. In fact, by the most natural way of defining the attachment of kinky handles
along framed circles, the handles h′′i are actually attached along the framed curves defining the original
handlebody H [C]. To understand this, recall that for closed surfaces generically immersed in 4-manifolds,
the homological intersection number differs from the normal Euler number by twice the signed number
of self-intersections. Thus, the above convention for attaching kinky handles, correcting the framing by
twice the signed number of self-plumbings, guarantees that the resulting intersection pairing only depends
on the framed link, and not on the numbers of self-plumbings of the kinky handles. Alternatively, observe
that if we add self-plumbings to hi using Figure 22, each ± self-plumbing will increase the Thurston-
Bennequin invariant of the attaching circle by ±2 and leave its rotation number unchanged, as required.
Finally, we eliminate the unwanted extra π1 by extending the kinky handles h
′′
i to Casson handles.
According to Casson [C], each kinky handle h′′i has a canonical framed link in its boundary, such that
if we add 2-handles along the framed link, h′′i will be transformed into a standard 2-handle, and the
above-mentioned natural framing on the attaching circle of h′′i will correspond to the product framing
on the 2-handle. Thus, attaching 2-handles to all kinky handles h′′i in this manner would transform H
′′
back into H . In general, we cannot do this in the Stein setting, but our previous argument shows that we
can add kinky handles to these framed links to obtain a new manifold whose interior is Stein. (In fact,
the relevant circles appear in Figure 22 as dashed curves with the zero framing, so we can add any kinky
handles with more positive than negative self-plumbings.) We iterate the construction, adding a third
layer of kinky handles onto the second layer, and continue, to construct a manifold Ĥ with infinitely many
layers of kinky handles. Clearly, int Ĥ is Stein. But for each infinite stack of kinky handles (starting
with some h′′i ), the interior union the attaching region is (by definition) a Casson handle [C]. Freedman
[F] proved that any Casson handle is homeomorphic to an open 2-handle D2 × R2 such that the natural
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framings of the attaching circles correspond. Thus, the Stein surface int Ĥ is homeomorphic relX1 to
intH = X . The restriction map H2(Ĥ,X1;Z)→ H2(H ′′, X1;Z) is an isomorphism preserving c1, so the
given homeomorphism int Ĥ ≈ X maps c1(Ĥ, τ) onto c as required. 
A related observation applies in the compact setting. If H is a 4-dimensional compact handlebody
without handles of index > 2, X1 denotes its 1-skeleton, and c ∈ H2(H,X1;Z) and τ on X1 specify an
almost-complex structure on H , then there is a compact Stein surface X with boundary, and a homotopy
equivalence ϕ : X → H relX1 preserving the intersection pairing and with ϕ∗(c) = c1(X, τ). To see this,
simply note that for a Legendrian knot K, tb(K) can be increased by any even number without changing
r(K), by forming the connected sum with a knot with sufficiently large tb and r = 0. For example, we
can realize any finitely presented group as π1(X) or any finite rank, symmetric Z-bilinear form as the
intersection pairing of such a compact X .
Corollary 3.2. Any smooth, closed, connected, oriented 4-manifold contains a smooth, finite wedge of
circles whose complement is homeomorphic to a Stein surface. Any smooth (resp. topological) open,
oriented 4-manifold contains a smooth (resp. locally flat) 1-complex whose complement is homeomorphic
to a Stein surface.
Proof. In the topological case, the manifold admits a smooth structure [Q], [FQ]. Now in either case,
there is a handle decomposition, and the required 1-complex is dual to the 3- and 4-handles. 
Since the Stein surfaces constructed in the proof of Theorem 3.1 are built with Casson handles, the
underlying smooth manifolds will typically be “exotic” in some sense. It seems likely that any X will
admit uncountably many diffeomorphism types of such homeomorphic Stein surfaces, and that no such
smooth manifold can admit a proper Morse function with finitely many critical points (provided that
X is not homeomorphic to the interior of B4 ∪ 1-handles). We illustrate this behavior with a concrete
example.
Theorem 3.3. For each integer n, let Hn denote the compact 2-disk bundle over S
2 with Euler number n.
Then intHn is (orientation-preserving) homeomorphic to a Stein surface Vn that contains no smoothly
embedded sphere generating its homology and realizes any preassigned almost-complex structure. For
n = ±1, there are uncountably many diffeomorphism types of such manifolds V±1, none of which admit
proper Morse functions with finitely many critical points.
In contrast, the manifolds ∂H0 = S
1 × S2, ∂H±1 = S3 and ∂H±2 = RP 3 admit unique tight contact
structures, and these are uniquely fillable (up to blowing up) by S1 ×B3, B4 and H−2, respectively (by
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work of Gromov [Gro] and Eliashberg, see [E3]). Thus, H0 = S
2×D2, H1 = CP 2− intB4 and H2 are not
diffeomorphic to Stein surfaces with boundary (or even symplectic manifolds with convex boundaries),
although their interiors admit exotic smooth structures that are Stein. Clearly, we could construct many
other examples of manifolds with these boundaries, whose interiors are homeomorphic to Stein surfaces.
(Consider closed manifolds minus intB4, intS1 ×B3 or intH±2.)
Proof. The manifold Hn is obtained from B
4 by gluing a 2-handle to an unknot in ∂B4 with framing n.
For any Casson handle CH , let Vn(CH) be the interior of the manifold obtained by gluing CH to B
4
along an n-framed unknot. Then by the proof of Theorem 3.1, Vn(CH) will be realized as a Stein surface
homeomorphic to intHn and realizing the preassigned almost-complex structure, provided that CH has
a suitable excess of positive self-plumbings.
There are many known examples of smooth, simply connected 4-manifolds M whose intersection
pairing contains a subspace with pairing [
n 1
1 even
]
,
such that the class α with square n cannot be represented by a smoothly embedded sphere. (For n ≥ 0
see, for example, [FM] Chapter 6, Corollary 4.2. For n < 0, simply reverse orientation.) By Casson’s
Embedding Theorem [C], however, we can find a Casson handle CH such that Vn(CH) embeds in M
representing α. We can always add self-plumbings and layers of kinky handles to CH , so that it becomes
suitably positive and Vn(CH) admits a Stein structure as above. It cannot contain a smooth sphere
generating its homology, since this would also represent α in M .
Now suppose n = 1. Then we may chooseM so that the orthogonal complement of α in the intersection
pairing is nonstandard and negative definite [G1]. As in Freedman [F], we can construct a nested family
{CHc} of Casson handles inside CH , indexed by a Cantor set. At each stage of the construction, we add
positive self-plumbings wherever necessary so that each V1(CHc) admits a Stein structure as above. If
any two of the nested manifolds V1(CHc) inM were diffeomorphic, then a standard argument [G2] would
allow us to contradict the Periodic End Theorem of Taubes. If any one had a proper Morse function
with finitely many critical points, then its end would be smoothly collared by a 3-manifold crossed with
R, and the same argument would apply. For n = −1, the same argument works in the manifold M . 
We reformulate our result about gluing Casson handles in the context of Legendrian link presentations
of Stein surfaces (Section 2). A kinky handle with k+ positive and k− negative self-plumbings can be
attached along a Legendrian knotK in #nS1×S2 with framingm (after allowing a C0-small perturbation
of K to lower tb if necessary), provided that m ≤ tb(K) − 1 + 2(k+ − k−). This kinky handle can be
extended to a Casson handle, and the only restriction on this extension is that for each of the additional
kinky handles we must have k+ > k−. The rotation number r(K) (after the perturbation of K to achieve
equality in the above formula) contributes to the Chern class as if the Casson handle were an ordinary
2-handle. We now obtain the following theorem, that some exotic R4’s admit Stein structures.
Theorem 3.4. There are uncountably many diffeomorphism types of Stein surfaces homeomorphic to
R4. There is a Stein exotic R4 that can be built with two 1-handles, one 2-handle and a single Casson
handle CH with only one kinky handle at each stage (Figure 25).
Proof. In [BG], Bizˇaca and the author exhibit a particularly simple exotic R4. This is the interior R of
the manifold shown in Figure 23, which is essentially Figure 1 of [BG]. The circles with dots represent
1-handles (cf. [K],[GS]), the solid curve represents a 2-handle, and the dashed curve is where we attach
the Casson handle CH with a single, positive self-plumbing in each kinky handle. Both framings are 0,
as indicated. It is routine to verify that Figure 24 represents the same manifold R, where we are now
attaching the handle and Casson handle to a 0-framed Legendrian link. (Change Figure 24 in the obvious
way to represent the 1-handles by circles with dots. Then isotope to Figure 23.) Since the dashed curve
has tb = 0, we can attach the Casson handle CH with framing 0 as required. However, the solid curve
has tb = −2, so we must increase its canonical framing by 3 units by a smooth isotopy. This is easily
accomplished by passing two strands around 1-handles (variations of the trick in Figure 20), resulting in
Figure 25 of R, a Stein manifold homeomorphic but not diffeomorphic to R4. In [BG] it was also observed
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(as in [DF]) that R contains an uncountable family of exotic R4’s {Rc} indexed by a Cantor set, produced
using a nested family of Casson handles {CHc} in CH as in the proof of Theorem 3.3. As before, we can
arrange the family {CHc} so that the manifolds Rc (given by Figure 25 with CHc in place of CH) are
all Stein. As in [DF], the family {Rc} represents uncountably many diffeomorphism types. 
0
0
0
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The Stein exotic R4’s described here can all be smoothly embedded in the standard R4. There is
another type of exotic R4 that cannot be so embedded [G2]. It is still an open (and apparently difficult)
question whether any of these larger exotic R4’s admit Stein structures.
4. Invariants of 2-plane fields on 3-manifolds.
In this section, we define a complete set of invariants for distinguishing homotopy classes of oriented
2-plane fields (or equivalently, nowhere zero vector fields or “combings”) on oriented 3-manifolds. We
show how to compute the invariants for the boundary of a compact Stein surface presented in standard
form as in Section 2. We obtain various corollaries, including invariance of the rotation number (up to
sign) and Thurston-Bennequin invariant for contact 3-manifolds obtained by surgery on Legendrian knots
(Corollary 4.6).
At first glance, the classification of oriented 2-plane fields ξ on an oriented 3-manifold M seems to be
easy with modern techniques. If we fix a trivialization of the tangent bundle TM , the problem becomes
equivalent to classifying maps ϕ : M → S2 up to homotopy, and this latter problem was solved by
Pontrjagin around 1940 [P]. The difficulty is that the invariants depend on the choice of trivialization
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of TM . In fact, one obtains both a 2-dimensional obstruction (which is not necessarily determined by
the Chern class c1(ξ)) and a 3-dimensional obstruction. However, if we classify only up to isomorphisms
of TM , the problem reduces to classifying abstract, stably trivial 2-plane bundles on M , and this is
accomplished by the Chern class. Thus, if we allow the trivialization of TM to vary, all of our invariants
except for the Chern class will be lost. The main problem, then, is how to construct invariants that
capture the information contained in the homotopy class of ξ, but can be manipulated without the
awkward task of keeping track of a trivialization of TM . We solve this problem by expressing the 3-
dimensional invariant in terms of a 4-manifold bounded by M , and the 2-dimensional invariant in terms
of a spin structure. Our strategy is first to understand the invariants relative to a fixed trivialization
(Proposition 4.1). Then we discuss invariants Θ and θ that capture the 3-dimensional obstruction up to
(at most) a 2 : 1 ambiguity (4.2–4.6 and preceding text). To resolve the ambiguity, we must understand
the 2-dimensional obstruction Γ, which we analyze in 4.7–4.14. We give an explicit formula for Γ that
applies to the contact boundary of any compact Stein surface in standard form (Theorem 4.12) and give
several applications. Finally, we exhibit the full 3-dimensional obstruction Θ˜, with further properties of θ
and a sample of applications (4.15–4.20). We show that for Stein boundaries, the invariants Γ and Θ˜ (or
θ) are independent from each other and from c1, by exhibiting holomorphically fillable contact structures
with c1 = 0 on a fixed 3-manifold, and showing that they are distinguished by θ but not Γ (Corollary 4.6)
or vice versa (Example 4.14).
The first step in constructing the invariants is to understand the classification for a fixed trivialization
of TM . For our purposes, it is convenient to use differential topology rather than Pontrjagin’s original
obstruction-theoretic method of proof [P]. (See also Kuperberg [Ku] for a modern treatment via homotopy
theory.) For an oriented 2-plane field ξ, let d(ξ) ∈ Z denote the divisibility of the Chern class, so that
c1(ξ) equals d(ξ) times a primitive class in H
2(M ;Z) modulo torsion, and d(ξ) = 0 if c1(ξ) is of finite
order.
Proposition 4.1. Let M be a closed, connected 3-manifold. Then any trivialization τ of the tangent
bundle of M determines a function Γτ sending homotopy classes of oriented 2-plane fields ξon M into
H1(M ;Z), and for any ξ, 2Γτ (ξ) is Poincare´ dual to c1(ξ) ∈ H2(M ;Z). For any fixed x ∈ H1(M ;Z),
the set Γ−1τ (x) of classes of 2-plane fields ξ mapping to x has a canonical Z-action and is isomorphic to
Z/d(ξ) as a Z-space.
Note that d(ξ) equals twice the divisibility of x, so it is independent of the choice of ξ ∈ Γ−1τ (x).
Proof. Since τ identifies each tangent space of M with R3 (with the standard orientation and inner
product), oriented 2-plane fields ξ on M correspond to their orthogonal unit vector fields, or to maps
ϕξ : M → S2. By the Thom-Pontrjagin construction [M2], homotopy classes of such maps correspond
bijectively to framed cobordism classes of framed links in M , and the correspondence sends ϕξ to ϕ
−1
ξ (p)
for any regular value p ∈ S2, framed by pulling back an oriented basis of TpS2. Since M is oriented by τ ,
ϕ−1ξ (p) is an oriented cycle. We define Γτ (ξ) to be the class [ϕ
−1
ξ (p)] ∈ H1(M ;Z), which is independent
of p and depends on ξ and τ only through their homotopy classes. Clearly, as a 2-plane bundle over M ,
ξ ∼= ϕ∗ξ(TS
2), so c1(ξ) is Poincare´ dual to 2Γτ (ξ).
Now for fixed x ∈ H1(M ;Z), the set Γ−1τ (x) is identified with the set of framed cobordism classes of
framed links representing x. Clearly, Γ−1τ (x) is nonempty and has a canonical Z-action, where n ∈ Z
acts by adding n right twists to the framing. The Z-action on Γ−1τ (x) is obviously transitive. To verify
that the stabilizer of a class is d(ξ)Z, fix a nonempty framed link L representing x, and let L′ denote
L with n twists added to its framing. Suppose there is a framed cobordism in I ×M between L and
L′, with L ⊂ 1 ×M and L′ ⊂ 0 ×M . By gluing 1 ×M to 0 ×M , we get a closed surface in S1 ×M
with self-intersection number n. Let α ∈ H2(S1 ×M ;Z) denote the corresponding homology class with
α2 = n, and let λ = [S1] × x ∈ H2(S1 ×M ;Z). Then α − λ intersects 0 ×M trivially, so it pulls back
to H2(M). Thus, (α− λ)2 = λ2 = 0, and n = ((α − λ) + λ)2 = 2(α − λ) · λ in S1 ×M . But this equals
2(α−λ) ·x = 〈α−λ, c1(ξ)〉 inM . Hence, n is divisible by d(ξ). Conversely, we can find a class β ∈ H2(M)
with 〈β, c1(ξ)〉 = d(ξ), and construct a framed cobordism as above with α − λ = β and n = d(ξ). We
conclude that the stabilizer of the framed cobordism class of L is d(ξ)Z, completing the proof. 
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Remark. This proposition can be interpreted in terms of spinc-structures. A 2-plane field ξ as above
determines a complex structure on TM ⊕ R (by splitting it into a pair of complex line bundles), and
hence, a spinc-structure on M (since Spinc(3) = U(2) acting on Λ−(R4) ∼= R3). A trivialization τ
identifies the set of spinc-structures with H2(M ;Z), and the class assigned to the spinc-structure given
by ξ is Poincare´ dual to Γτ (ξ). To see this, note that since ξ ∼= ϕ∗ξ(TS
2), this procedure for mapping ξ into
H2(M ;Z) is the pull-back under ϕξ of the corresponding procedure on TS
2 ⊕ C, which has c1 = 2[S2]
and hence determines the unique spinc-structure on TR3|S2 corresponding to [S2] ∈ H2(S2;Z). An
immediate corollary is that the canonical map from 2-plane fields on M to spinc-structures is surjective,
and the preimage of each spinc-structure is a Z-space isomorphic to Z/d, where d is the divisibility of
the Chern class of the structure. The grading of the Seiberg-Witten-Floer theory of the spinc-structure
is also Z/d. Our invariant Θ˜ provides a connection between these Z-spaces, since it is defined via the
obstruction 14 (c
2
1 − 2χ− 3σ) to extending an almost-complex structure over a closed 4-manifold X from
X − p. The same quantity gives the Seiberg-Witten index of the corresponding spinc-structure on X .
Recently, Kronheimer and Mrowka [KM] have defined an explicit bijection between homotopy classes of
2-plane fields and Seiberg-Witten-Floer groups.
We wish to define the invariant picking out the 3-dimensional obstruction (from Z/d(ξ) up to transla-
tion) by making (M, ξ) bound an almost-complex 4-manifold X , defining the obstruction to be c21(X)−
2χ(X) − 3σ(X) (where χ and σ denote the topological Euler characteristic and signature), and prov-
ing invariance by observing that this quantity vanishes for closed, almost-complex 4-manifolds. How-
ever, we need additional structure to define the first term, since there is no natural quadratic form on
H2(X) ∼= H2(X, ∂X) in general.
The proof of Proposition 4.1 actually shows that it makes sense to talk about a framing on a homology
class x ∈ H1(M ;Z) in an oriented 3-manifoldM (not necessarily connected), modulo twice the divisibility
of x, by picking a framed cobordism class mapping to x. Equivalently, one frames an oriented link
representing x, then observes that any other such nonempty representative of x is uniquely framed
(modulo twice the divisibility of x and allowing twists to transfer between link components in each
component of M) via a framed cobordism. Now consider a smooth 1-cycle γ carried by an oriented link
L =
∐
γi in M , which we define to be an integer linear combination
∑
kiγi of components of L. Any
framing on L determines a framing on [γ] ∈ H1(M ;Z) (but not conversely, in general) by replacing each
γi with |ki| parallel copies of γi, determined by the given framing on γi. Now if z is a relative rational
2-cycle in an oriented 4-manifold pair (X4, ∂X4), with ∂z a smooth 1-cycle in ∂X , we can define the
square of z, Qf (z) ∈ Q, relative to a framing f on the link L carrying ∂z, by adding 2-handles to X along
L with framings given by f . Then z will extend canonically to a rational cycle zˆ in X̂ = X ∪ 2-handles,
and we can define Qf (z) to be zˆ
2 in the intersection pairing on H2(X̂;Q). This quantity does not change
if we break up each kiγi into |ki| parallel copies of γi using the framing f , since the 2-handles attached to
the parallel copies will lie inside the 2-handle attached to γi. Similarly, Qf(z) is preserved if we change z
and (L, f) by attaching a framed cobordism in I×∂X to z in X . If z is an integer cycle and we change it
within its class in H2(X, ∂X ;Z) keeping ∂z fixed, then [zˆ] changes by a class in H2(∂X ;Z), so Qf(z) ∈ Z
reduces modulo twice the divisibility of [∂z] to a class Qf [z] depending only on [z] ∈ H2(X, ∂X ;Z) and
f on [∂z]. Similarly, if z is rational and [∂z] vanishes in H1(∂X ;Q) then Qf (z) ∈ Q is determined by
[z] ∈ H2(X, ∂X ;Q) and f on [∂z] ∈ H1(∂X ;Z).
Now if x ∈ H1(M ;Z) is rationally trivial, then we can assign numbers to framings f on x just as
we do for framings on nullhomologous knots. Simply define qf (x) ∈ Q to be Qf(z) for any rational
cycle z in (I ×M, {1} ×M) with [∂z] = x. As above, this only depends on x and f . Clearly, if γ is
a Z-nullhomologous knot, then qf [γ] is the usual integer assigned to the framing f on γ. In general,
qf (kx) = k
2qf (x). Adding a right twist to f (on a link component with multiplicity 1) adds 1 to qf (x)
(and it adds k2i if the multiplicity is ki), so qf (x) mod 1 is independent of f . In fact, it equals the square of
x under the linking pairing, the well-known Q/Z-valued symmetric bilinear form on the torsion subgroup
of H1(M). It follows immediately that qf (x) ∈
1
kZ, where k is the order of x.
For some classes in H2(X
4, ∂X4), there is a canonical square, independent of a choice of framing. By
the long exact sequence for (X, ∂X) and the fact that the image of H2(∂X) in H2(X) is annihilated by
the intersection pairing, we see that ker(∂∗ : H2(X, ∂X ;Q)→ H1(∂X ;Q)) inherits a pairing. Thus, if z
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is a rational 2-cycle in (X, ∂X) whose boundary is a rationally nullhomologous smooth 1-cycle in ∂X ,
then z2 ∈ Q is canonically defined. To compare z2 with Qf (z) for any framing f on a link carrying
∂z, we form zˆ in X̂ as above. If z1 is a rational 2-chain in ∂X with ∂z1 = ∂z, then zˆ = (z − z1) + zˆ1.
Squaring, we obtain zˆ2 = (z − z1)2 + zˆ21 (the cross-term vanishes since z − z1 can be pushed into intX),
or Qf(z) = z
2 + qf [∂z]. In particular, the right-hand side is integral if z is.
We can now define invariants Θf and θ that partially capture the 3-dimensional uniqueness obstruction
of plane fields. We denote any Poincare´ duality isomorphism by PD.
Definition 4.2. Let ξ be an oriented 2-plane field on a closed, oriented 3-manifold M (not necessarily
connected). We say that (M, ξ) is the almost-complex boundary of a compact, almost-complex 4-manifold
X if ∂X = M (as an oriented manifold) and ξ is the field of complex lines in TM ⊂ TX |M . If so, then
for any framing f on PDc1(ξ) ∈ H1(M ;Z), let Θf(ξ) = Qf (PD c1(X))− 2χ(X) − 3σ(X) ∈ Z/2d(ξ). If
c1(ξ) is a torsion class, let θ(ξ) = (PD c1(X))
2 − 2χ(X)− 3σ(X) ∈ Q.
Proposition 4.3. When θ(ξ) is defined, we have Θf(ξ) = θ(ξ) + qf (PDc1(ξ)) ∈ Z. In particular, θ(ξ)
is congruent mod 1 to −qf(PDc1(ξ)), which is an integer divided by the (finite) order of c1(ξ). 
For any (M, ξ) as in Definition 4.2, the requiredX can be constructed by applying the following lemma
to each component of M . The invariants Θf (ξ) and θ(ξ) are independent of X by the next theorem.
Although we do not need X to be spin or a 2-handlebody, we can arrange these additional conditions
with no extra work.
Lemma 4.4. Let ξ be an oriented 2-plane field on a closed, connected, oriented 3-manifold M . Fix a spin
structure s on M . Then (M, ξ, s) is the almost-complex, spin boundary of a compact, almost-complex,
spin 4-manifold X consisting of a 0-handle and 2-handles.
Proof. By [Ka] (for example), we can realize (M, s) as the spin boundary of a spin handlebody X ′ with
only 0- and 2-handles. Define a complex structure on TX ′|M by declaring ξ and a complementary trivial
bundle to be complex line bundles. Since SO(4)/U(2) ≈ S2 is simply connected, we can extend the
almost-complex structure over the cocores of the 2-handles, and then over the complement of the center
p of the 0-handle. Now c1(X
′) ∈ H2(X ′;Z) ∼= H2(X ′ − {p};Z) is defined. According to [HH], the
4-dimensional obstruction to defining an almost-complex structure on a closed, oriented 4-manifold W is
given by 14 (c
2
1(W )− 2χ(W )− 3σ(W )), and this can be written as a sum of local obstructions at isolated
singularities. But S2 × S2 admits a complex structure with c21 = 8, and an almost complex structure in
the complement of a point with c1 = 0. Thus, we can add ±1 to the index of a singularity by forming the
connected sum with S2×S2 there. Now for a suitable connected sum X = X ′#nS2×S2, the obstruction
at p will vanish, yielding our required almost-complex spin manifold. 
Theorem 4.5. Let ξ be an oriented 2-plane field on a closed, oriented 3-manifold M (not necessarily
connected), and let f be a framing on PDc1(ξ). Then Θf (ξ) ∈ Z/2d(ξ) depends only on M, f and the
homotopy class [ξ] of ξ. If c1(ξ) is a torsion class, then θ(ξ) ∈ Q depends only on M and [ξ]. Both
invariants are independent of the orientation of ξ, reverse sign if the orientation of M is reversed, and
add under disjoint union. Adding a right twist to f increases Θf (ξ) by 1. If ϕ : M → M ′ is an
orientation-preserving diffeomorphism, then Θϕ∗f (ϕ∗ξ) = Θf(ξ) and θ(ϕ∗ξ) = θ(ξ) (when defined).
Proof. Given (M, ξ0) as in the theorem and ξ1 homotopic to ξ0, let X0 and X1 be any compact, almost-
complex manifolds with almost-complex boundaries (M, ξ0) and (M, ξ1), respectively, where M denotes
M with reversed orientation. Glue X0 and X1 to opposite boundary components of I ×M to obtain a
closed, oriented manifold W , and extend the almost-complex structures across I×M to makeW almost-
complex, using a homotopy from ξ0 to ξ1. Clearly, χ(W ) = χ(X0) + χ(X1) and similarly for σ. Also,
c21(W )− 2χ(W )− 3σ(W ) = 0. To analyze θ, we assume that c1(ξ0) is a torsion class and let θi = θ(ξi) be
as in Definition 4.2, defined using the manifold Xi. Now rationally, PDc1(W ) can be written as α0+α1,
where αi ∈ H2(W ;Q) pulls back to H2(Xi;Q) and then maps to PDc1(Xi) in H2(Xi, ∂Xi;Q). It follows
that c21(W ) = (PD c1(X0))
2 + (PD c1(X1))
2, so the above formula on W implies that θ0 + θ1 = 0.
Since X0 and X1 were chosen independently, θ0 depends only on M and the homotopy class of ξ0, and
θ1 = −θ0 is the result of reversing the orientation of M . Reversing the orientation of ξi corresponds to
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conjugating the almost-complex structure on Xi, which fixes (PD c1(Xi))
2. A similar argument applies to
Θf in the general case, once we observe that for any framing f on PD(c1(ξ)), c
2
1(W ) reduces mod 2d(ξ)
to Qf (PD c1(X0)) + Qf (PD c1(X1)). The last sentence of the theorem follows immediately from the
observation that if (M, ξ) is the almost-complex boundary of X , then (M ′, ϕ∗ξ) is the almost-complex
boundary of X by the gluing map ϕ. 
Corollary 4.6. For i = 1, 2, let (Mi, ξi) be the holomorphically fillable contact 3-manifold obtained by
contact surgery on a Legendrian knot Ki in S
3. Suppose there is an orientation-preserving diffeomorphism
ϕ : M1 → M2 such that ϕ∗(ξ1) is homotopic to ξ2 (with either orientation). Then tb(K1) = tb(K2) and
|r(K1)| = |r(K2)|.
For example, ifK is any Legendrian knot in S3 with tb(K) ≥ 2 (respectively, 4), then by adding zig-zags
to K we can obtain smoothly equivalent Legendrian knotsKi with tb(Ki) = 0 (respectively 2) but distinct
values of |r(Ki)|. Contact surgery on these knots will yield noncontactomorphic holomorphically fillable
contact structures on the same homology sphere. (In fact, they bound diffeomorphic Stein manifolds with
different Chern classes.) Their homotopy classes will be distinguished by the 3-dimensional obstruction θ,
but not by the 2-dimensional one Γτ ∈ H1(M ;Z) = 0 — in particular, not by the Chern class, providing
new counterexamples to Conjecture 10.3 of [E3]. Similarly, one can realize such examples for any finite
cyclic H1 by arranging |r| to take more values than the order of H1.
Proof. Let ri denote r(Ki) and let ni = tb(Ki) − 1 denote the surgery coefficient. Then |n1| = |n2| is
the order of the cyclic group H1(Mi;Z). If ni = 0, then this group is infinite, |ri| = d(ξi), and we are
done. Otherwise, the group is finite, θ(ξi) ∈ Q is defined, and θ(ξ1) = θ(ξ2). We compute θ(ξi) using the
Stein surface Xi obtained by adding a 2-handle to B
4 along Ki. Let αi be a generator of H2(Xi;Z) ∼= Z.
Then α2i = ni, so the cocore disk Di of the 2-handle represents
1
ni
αi ∈ H2(Xi, ∂Xi;Q) ∼= Q, and
PDc1(Xi) =
ri
ni
αi over Q. Thus, θ(ξi) =
r2i
ni
− 4− 3 sign ni. Now it clearly suffices to show that n1 = n2.
If not, then n1 = −n2, and setting θ(ξ1) = θ(ξ2) shows that r21 + r
2
2 = 6|n1|. Let xi ∈ H1(Mi;Z) be the
generator [∂Di]. Then qf (xi) ≡ −
1
ni
(mod 1). (For example, let z = Di−
1
ni
αi, which can be pushed into
I ×Mi.) But for some k ∈ Z we have ϕ∗(x1) = kx2, so qf1(x1) = qϕ∗f1(ϕ∗(x1)) ≡ k
2qf2(x2) (mod 1),
and therefore k2 ≡ −1 mod |n1|. Reducing the equation r21 + r
2
2 = 6|n1| modulo 3, we see that r1 and
r2 must be divisible by 3, and so n1 is also divisible by 3. But the equation k
2 ≡ −1 (mod 3) has no
solutions, so we have the required contradiction. 
Like θ in the case d(ξ) = 0, the invariant Θf can easily be computed for the boundary of any Stein
surface X in standard form. In fact, PDc1(X) is represented by
∑
r(Ki)Di, where Di is the cocore of the
handle of X attached to Ki. Thus, Qf (PDc1(X)) = 0 when f is the 0-framing on the union of meridians
carrying
∑
r(Ki)∂Di. To compare Θ for two different Stein surfaces with a diffeomorphism preserving
c1(ξ) between the boundaries, it now suffices to compare the respective 0-framings by constructing a
framed cobordism between the corresponding 1-cycles.
We will see that the canonical generator of the Z-action of Proposition 4.1 subtracts 4 from each of Θf
and θ. Thus, when c1(ξ) is a torsion class, either invariant captures the 3-dimensional obstruction. When
c1(ξ) has infinite order, however, θ(ξ) is undefined and Θf(ξ) ∈ Z/2d(ξ) only captures the obstruction
up to a 2 : 1 ambiguity. We will lift Θf (ξ) to an invariant Θ˜(ξ, s, f) ∈ Z/4d(ξ) depending on a choice
of spin structure s, and this will capture the 3-dimensional obstruction. This lifting is intimately related
to the 2-dimensional obstruction Γτ (ξ) ∈ H1(M ;Z) ∼= H2(M ;Z). To clarify the relationship between
Γ and Θ˜, we now give an alternate definition of Γ. The new definition is readily computable (e.g.,
Theorem 4.12) , and it clarifies the dependence of Γ on the trivialization τ . Note that Γτ (ξ) should
only depend on the restriction of τ to the 2-skeleton of M , or equivalently, on a spin structure. Here
and elsewhere, it is convenient to use Milnor’s definition [M1] (see also [GS]) of a spin structure on an
oriented manifold M as a homotopy class of positively oriented trivializations of TM over the 2-skeleton
of some cell decomposition of M , where if dimM ≤ 2 we first stabilize TM by summing with a trivial
bundle. Note that there is a canonical way to reverse the orientation of a trivialization, allowing us to
identify spin structures on M with those on M .
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Definition 4.7. Let ξ be an oriented 2-plane field on a closed, oriented 3-manifold M (not necessarily
connected). Let v be a vector field in ξ whose zero locus, counted with multiplicities, has the form 2γ for
some smooth 1-cycle γ carried by a link L in M . The vector field v in ξ determines a spin structure s on
M −L, and this extends uniquely over M since v vanishes with even multiplicity on L. Define Γ(ξ, s) to
be the class [γ] ∈ H1(M ;Z).
The next proposition shows that Γ(ξ, s) is well-defined and depends in a simple way on s. To understand
this dependence, recall that the group H1(M ;Z2) ∼= H2(M ;Z2) acts freely and transitively on the set
S(M) of spin structures of M . The same group acts on H1(M ;Z) via the Bockstein homomorphism β in
homology induced by the coefficient sequence Z → Z → Z2.
Proposition 4.8. Let ξ be an oriented 2-plane field on a closed, oriented 3-manifold M . Then the map
Γ(ξ, ·) : S(M) → H1(M ;Z) is well-defined (depending only on M and [ξ]) and H1(M ;Z2)-equivariant.
For M , τ and Γτ as in Proposition 4.1, Γτ (ξ) equals Γ(ξ, s) where s is the spin structure induced by τ .
Proof. For i = 0, 1, let vi, Li, γi and si be as in Definition 4.7. Let ∆(v0, v1) ∈ H
1(M − (L0 ∪ L1);Z)
be the difference class of the nonzero vector fields vi in ξ|M − (L0 ∪ L1). Then the mod 2 reduction of
∆(v0, v1) extends uniquely over H
1(M ;Z2) as the difference class ∆(s0, s1) of the spin structures. Now
βPD∆(s0, s1) =
1
2∂PD∆(v0, v1) = [γ0] − [γ1], so Γ(ξ, ·) is well-defined on spin structures induced by
vector fields as in Definition 4.7, and it has the required equivariance on them.
Now any spin structure s ∈ S(M) is induced by a trivialization τ of TM , since π2(SO(3)) = 0. Using
τ , define ϕξ :M → S
2 with ξ ∼= ϕ∗ξ(TS
2) as in the proof of Proposition 4.1. Let w be a vector field on S2
with a unique zero, occurring at a regular value p of ϕξ. Then v = ϕ
∗
ξ(w) is a vector field in ξ vanishing
with multiplicity 2 on γ = ϕ−1ξ (p). Applying Definition 4.7, we see that Γ(ξ, s
′) = [ϕ−1ξ (p)] = Γτ (ξ),
where s′ is the spin structure on M induced by v. But s′ is the pull-back under ϕξ of the unique spin
structure on S2, which comes from the canonical trivialization of R3. Since this trivialization pulls back
to τ , we have s′ = s. In particular, any s is induced by a suitable vector field v, so Γ(ξ, s) is defined, and
Γ(ξ, s) = Γτ (ξ). 
Corollary 4.9. Under the above hypotheses, the map Γ(ξ, ·) : S(M) → H1(M ;Z) is determined by its
value on any one s ∈ S, hence, by any vector field v as in Definition 4.7. Its image is {x ∈ H1(M ;Z) |
2x = PDc1(ξ)}, and Γ(ξ, s0) = Γ(ξ, s1) if and only if ∆(s0, s1) lifts to H1(M ;Z). Reversing the orienta-
tion of either ξ or M reverses the sign of Γ(ξ, s) for fixed s. Γ is preserved by surgeries on S0 (addition
of 4-dimensional 1-handles), and adds in the obvious way under disjoint union (hence, connected sum).
If ϕ : M → M ′ is an orientation-preserving diffeomorphism, then Γ(ϕ∗ξ, ϕ∗s) = ϕ∗Γ(ξ, s). Under finite
coverings, PDΓ lifts in the obvious way. For M connected, with fixed s and q ∈ M , Γ(·, s) classifies
2-plane fields on M − {q} up to homotopy.
Proof. This is immediate from Definition 4.7 and Proposition 4.8. Note that by the long exact coefficient
sequence, Imβ is the subgroup of elements of H1(M ;Z) with order at most 2, and ker(β ◦ PD) consists
of those classes in H1(M ;Z2) with integer lifts. The behavior of Γ under orientation reversals is the
same as that of PDc1(ξ). (Reversing [M ] reverses the sign of PD.) For the last sentence, extend s to a
trivialization τ and note that any 2-plane field onM −{q} extends overM , since the corresponding map
S2 → S2 is nullhomologous. Clearly, PD Γ(·, s) = PD Γτ (·) is the 2-dimensional uniqueness obstruction
for oriented 2-plane fields on M , so it classifies 2-plane fields on M − {q}. 
Remarks.
1) Kuperberg ([Ku] Section 2.1) constructs an invariant c equivalent to Γ(ξ, s) directly from homotopy
theory, and essentially also obtains the above invariance, kernel and image of Γ(ξ, ·).
2) A spin structure s on M determines a spinc-structure by the inclusion Spin(3) ⊂ Spinc(3). From
our viewpoint, this spinc-structure is the one canonically associated to a trivialization τ extending s. By
the remark following Proposition 4.1, it follows that Γ(ξ, s) is the difference class of the spinc-structures
associated to ξ and s.
3) Here is yet another interpretation of Γ(ξ, s), suggested by D. Freed. The plane field ξ determines
an SO(2)-subbundle of the tangent SO(3)-principal bundle of M . A spin structure s lifts the latter to
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an SU(2)-bundle, in which ξ determines a U(1)-subbundle ξ˜. Then Γ(ξ, s) = PDc1(ξ˜). To verify this, fix
a trivialization τ extending s, write ξ ∼= ϕ∗ξ(TS
2) as above, then note that c1(ξ˜) = ϕ
∗
ξc1(T˜ S
2) = ϕ∗ξ [S
2]
is dual to [ϕ−1ξ (p)] = Γ(ξ, s), as required.
Corollary 4.10. Let ξ be an oriented 2-plane field on a closed, oriented 3-manifold M . Then ξ is
homotopic to itself with reversed orientation if and only if c1(ξ) = 0.
This rules out the case where c1(ξ) has order 2.
Proof. Given such a homotopy, then for a fixed spin structure s on M we have Γ(ξ, s) = −Γ(ξ, s), so
PDc1(ξ) = 2Γ(ξ, s) = 0. The converse is obvious by direct construction, trivializing ξ. 
To compute Γ(ξ, s) for the almost-complex boundary (M, ξ) of a compact Stein surface X , it is con-
venient to express spin structures in terms of characteristic sublinks. (See, for example, [GS].) We can
assume that X is presented in standard form (Definition 2.1). Then there is a canonical way to surger
out the 1-handles of X to obtain a 4-manifold X∗ with ∂X∗ = M , such that X∗ is obtained from B4
by adding 2-handles along a framed link L in S3. This link is obtained by stretching the box in the
plane, forming an annulus by gluing together its lateral edges in the obvious way (Figure 26). Each
2-handle of X becomes a 2-handle of X∗ with the same framing, and the remaining 2-handles of X∗ form
a sublink L0 ⊂ L consisting of a 0-framed unknot for each 1-handle h. (Curves that formerly ran over
h will now link the unknot.) Clearly, H2(X
∗;Z2) corresponds bijectively to the set of all sublinks L
′ of
L, with each L′ mapping to the homology class determined by the cores of the corresponding 2-handles.
Fix an orientation on L. For components K,K ′ of L, we define the linking number ℓk(K,K ′) to be the
usual linking number if K 6= K ′ and to be the framing of K if K = K ′. We use bilinearity to extend
the definition to ℓk(γ, γ′) for γ, γ′ smooth 1-cycles carried by L, and use the same formalism mod 2 for
sublinks of L. These pairings correspond to the intersection pairings of X∗ over Z and Z2, respectively.
 0
 0
 0
 −1
 X * X
Figure 26
Definition 4.11 [Ka]. A sublink L′ of L is characteristic if for each component K of L, the framing of
K is congruent modulo 2 to ℓk(K,L′).
By the Wu formula, a sublink L′ is characteristic if and only if it corresponds to a class in H2(X
∗;Z2)
mapping to PDw2(X
∗) ∈ H2(X∗,M ;Z2). It is not hard to show (for example, [GS]) that S(M) maps
bijectively to the set of characteristic sublinks of L by sending a spin structure s to the link L′ corre-
sponding to PDw2(X
∗, s) ∈ H2(X
∗;Z2), the dual of the Stiefel-Whitney class of X
∗ relative to s. The
spin structure s corresponding to L′ is then characterized by the fact that if we attach a 2-handle to X∗
along any knot K in S3 − L with framing n, the structure s will extend over the new handle if and only
if n ≡ ℓk(K,L′) mod 2. Note that the spin structure near K that extends over the 2-handle is the one
not induced by the normal framing and tangent vectors to K, since the tangent vector field to ∂D2 ⊂ R2
has odd degree. The difference class ∆(s0, s1) ∈ H1(M ;Z2) ∼= H2(∂X∗;Z2) ⊂ H2(X∗;Z2) corresponds
to the difference of the characteristic sublinks for s0 and s1. There is a simple procedure (see [GS], for
example) for following spin structures through sequences of Kirby moves via their characteristic sublinks.
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Theorem 4.12. Let X be a compact Stein surface in standard form, with ∂X = (M, ξ), and X∗, L =
K1 ∪ · · · ∪Kn and L0 as above. Let {α1, . . . , αn} ⊂ H2(X∗;Z) be the basis determined by {K1, . . . ,Kn}.
Let s be a spin structure on M , represented by a characteristic sublink L′ of L. Then PDΓ(ξ, s) is the
restriction to M of the class ρ ∈ H2(X∗;Z) whose value on each αi is the integer
〈ρ, αi〉 =
1
2
(r(Ki) + ℓk(Ki, L0 + L
′)) .
Here we define r(Ki) to be 0 ifKi is in L0, and otherwise to be the rotation number of the corresponding
Legendrian knot in the diagram for X . The theorem still holds if we replace L0+L
′ in the formula by any
smooth 1-cycle (independent of i) carried by L and agreeing with L0+L
′ mod 2. This is because adding
2γ to L0 +L
′ changes 〈ρ, αi〉 by ℓk(Ki, γ) = αi ·αγ , where αγ ∈ H2(X∗;Z) is the class determined by γ,
so ρ changes by PDαγ in H
2(X∗,M ;Z) ∼= H2(X∗;Z), leaving ρ|M unchanged. Similarly, 2ρ restricts to
c1(ξ) as required. (Furthermore, the equivariance of Proposition 4.8 can be verified directly.)
Corollary 4.13. Let K be a Legendrian knot in #S1 × S2, presented in standard form as in Defini-
tion 2.1. Then tb(K) + r(K) + 1 is congruent modulo 2 to the number of times K crosses 1-handles.
Proof. Add a 2-handle along K to obtain a Stein surface X . By Theorem 4.12, r(K) + ℓk(K,L0 + L
′)
must be even for any characteristic sublink L′ of L as above. By Definition 4.11, ℓk(K,L′) is congruent
mod 2 to the framing of K, tb(K) − 1. Since ℓk(K,L0) is congruent to the number of times K crosses
1-handles, the corollary follows immediately. 
Example 4.14. Consider the Stein surface Xp (p ≥ 1) shown in Figure 27(a). This is obtained by
adding a 2-handle to S1 ×D3 along a Legendrian knot K that runs 2p times over the 1-handle. Thus,
w(K) = 2p − 1. There are 2p − 2 left cusps, half oriented upward and the other half downward, so
λ+ = λ− = ρ+ = ρ− = p− 1. Thus, the framing of the 2-handle is tb(K)− 1 = 0, and r(K) = 0. The
2-handlebody X∗p (Figure 27(b)) admits a unique spin structure, whose restriction s toMp = ∂X
∗
p = ∂Xp
is given by the empty characteristic sublink. Using Theorem 4.12, it is easy to calculate that Γ(ξ, s) = pµ,
where µ is the meridian of K in H1(Mp;Z) ∼= Z/2p⊕ Z/2p (which is generated by the two meridians in
∂X∗p ). Now observe that X
∗
p admits an involution ϕ that interchanges the two 2-handles but preserves
the orientation and s. Since ϕ∗Γ(ξ, s) 6= Γ(ξ, s), we conclude that the holomorphically fillable positive
contact structures ξ and ϕ∗ξ on Mp are not homotopic as 2-plane fields. In particular, they are not
isotopic (although they are contactomorphic via ϕ). However, they are not distinguished by the other
homotopy invariants, since c1(ξ) = c1(ϕ∗ξ) = 0 and θ(ξ) = θ(ϕ∗ξ) = −2. Figure 27(c) shows that Mp is
Seifert fibered over S2 with 3 multiple fibers (cf. Section 5). In particular, it has no incompressible tori,
hence, no Giroux torsion. The manifold X1 is the disk bundle over RP
2 with (twisted) Euler number
−2, so M1 is diffeomorphic to the projectivization of T ∗RP 2. Equivalently, M1 is S3 in the quaternions
modulo left multiplication by the order 8 subgroup generated by {i, j}.
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Proof of Theorem 4.12. For convenience, we identify M = ∂X with ∂X∗, and use the same symbol to
denote Ki ⊂ L − L0 and the corresponding knot in the diagram for X . We let νL denote the tubular
neighborhood of L in which the 2-handles of X∗ intersect S3. As in the proof of Proposition 2.3, we use
the vector field ∂∂x to define a complex trivialization of TX over the 0- and 1-handles. The obstruction to
extending this over X is the relative Chern class, dual to
∑
r(Ki)Di, where i ranges over the 2-handles
of X and Di ⊂ νL is a cocore disk of the handle of X attached along Ki. The trivialization determines
a spin structure on X −
∐
Di whose restriction to M −
∐
∂Di we denote by s0. Since s0 is determined
by ∂∂x and
∂
∂z in the box containing the diagram for X , it is characterized in ∂X
∗ by extending over a
2-handle attached to a knot K ⊂ S3 − νL if and only if the framing is congruent mod 2 to ℓk(K,L0).
(Note that a 0-framed meridian µ ⊂ ∂X∗ of a component of L0 corresponds to a horizontal curve crossing
the corresponding 1-handle in the original diagram, with framing induced by ∂∂x . The structure s0 will
not extend over a 2-handle attached to µ with this framing, due to the odd degree of a tangent vector
field to ∂D2.) Now add a collar I ×M to X , gluing 0×M to ∂X . If we put the above spin structure on
X −
∐
Di and the given structure s on 1×M , then the obstruction to extending to a spin structure on
I×M∪∂XX will be dual to a Z2-cycle that lifts to an integer chain of the form c =
∑
r(Ki)Di+z1, where
z1 is a chain in I ×M . If we identify z1 with a chain in M = ∂X∗, we can assume that its intersection
with the 2-handles is a subchain z2 that is a linear combination of core disks. Since the spin structure on
0× (M −
∐
∂Di) is given by s0, the chain z1 represents PD∆(s, s0) ∈ H2(M,
∐
∂Di;Z2). After inclusion
in H2(X
∗, B4;Z2) ∼= H2(X∗;Z2), this class corresponds to the sublink L0+L′. To verify this, recall that
s0 and s extend over a 2-handle attached to a knot K in S
3 − νL if and only if the framing is congruent
mod 2 to ℓk(K,L0) or ℓk(K,L
′), respectively. Thus, s0 and s agree on K if and only if ℓk(K,L0 + L
′)
vanishes mod 2. By definition, the obstruction ∆(s, s0) then satisfies 〈∆(s, s0),K〉 = ℓk(L0+L′,K) over
Z2 for all K. We conclude that in H2(X
∗;Z2), the class corresponding to L0+L
′ agrees with PD∆(s, s0)
when paired with any element of H2(B
4, S3 − νL;Z2) ∼= H2(X∗,M ;Z2), so the classes are equal.
To relate this construction to Definition 4.7 of Γ, we observe that s is determined by a vector field v in ξ
that we construct from ∂∂x by twisting along z1 — that is, we define v by the formula PD∆(v,
∂
∂x ) = [z1] ∈
H2(M,∂z1;Z). Since c reduces mod 2 to a cycle in I×M∪∂XX , we have ∂c = 2γ for some smooth 1-cycle
γ in S3−L. Thus, ∂z1 = 2γ−
∑
r(Ki)∂Di. Since
∂
∂x extends to a vector field in ξ on M with zero locus∑
r(Ki)∂Di, v is defined onM with zero locus 2γ. By Definition 4.7, Γ(ξ, s) = [γ] ∈ H1(M ;Z). But z1−z2
is a chain in S3 − L with ∂(z1 − z2) = 2γ −
∑
r(Ki)∂Di − ∂z2, so the right-hand side is nullhomologous
in S3 − L, and in the free abelian group H1(S3 − L;Z), [γ] is given by the uniquely defined class
1
2 (
∑
r(Ki)[∂Di]+[∂z2]). Now we apply the map h : H1(S
3−L;Z) ∼= H2(B
4, S3−L;Z) ∼= H2(B4, L;Z) ∼=
H2(X∗, 2-handles;Z) → H2(X∗;Z) induced by ∂, PD, excision and inclusion, respectively. Since the
latter group is also free abelian, h[γ] is the uniquely defined class 12 (
∑
r(Ki)h[∂Di] + h[∂z2]). Setting
ρ0 = h[γ], we see from the definition of h that ρ0|M = PDΓ(ξ, s). Similarly, h[∂Di] = PD[Di] in X∗, so
〈h[∂Di], αj〉 = δij . Now ∂z2 = ∂z3 for some cycle z3 in (B4, S3 − L), and h[∂z2] = PD[z3] in X∗. Thus,
〈h[∂z2], αi〉 = [z3] ·αi = [z3 − z2] ·αi since z2 lies in M = ∂X∗, and so 〈ρ0, αi〉 =
1
2 (r(Ki) + [z3 − z2] · αi)
for each αi. But z3 − z2 is an integer cycle in X
∗ whose image in H2(X
∗, B4;Z2) agrees with that of z1.
Thus [z3 − z2] is an integer lift of the Z2-class represented by L0 + L′, and the observation following the
theorem shows that the given class ρ satisfies ρ|M = ρ0|M = PDΓ(ξ, s). 
We are now ready to define the 2-fold lift Θ˜(ξ, s, f) of Θf (ξ) ∈ Z/2d(ξ), obtaining a complete set of
homotopy invariants for oriented 2-plane fields.
Definition 4.15. Let ξ be an oriented 2-plane field on a closed, oriented 3-manifold M (not necessarily
connected). Let s be a spin structure on M , and let f be a framing on Γ(ξ, s) ∈ H1(M ;Z). Choose
a vector field v as in Definition 4.7 determining s, with zero locus 2γ carried by L, and the framing
f determined by a framing (also called f) on L. (For example, we can take all multiplicities of γ to
be 1 by the proof of Proposition 4.8.) Let X be any compact, almost-complex 4-manifold with almost-
complex boundary (M, ξ). Then v determines a complex trivialization of TX |M − L. Let z be a 2-cycle
in (X,L) that is dual to the relative Chern class c1(X, v) ∈ H2(X,M − L;Z). Define Θ˜(ξ, s, f) to be
Qf (z)− 2χ(X)− 3σ(X) ∈ Z/4d(ξ).
Note that adding a twist to f on Γ(ξ, s) corresponds to adding 4 twists to the induced framing f˜ on
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PDc1(ξ) = 2Γ(ξ, s).
Theorem 4.16. LetM , ξ, s and f on Γ(ξ, s) be as in Definition 4.15. Then Θ˜(ξ, s, f) ∈ Z/4d(ξ) depends
only on M , s, f and the homotopy class of ξ, and it reduces to Θf˜(ξ) modulo 2d(ξ). If Γ(ξ, s0) = Γ(ξ, s1)
then Θ˜(ξ, s1, f1) = Θ˜(ξ, s0, f0) + 4(f1 − f0) + 2〈c1(ξ), λ〉, where λ is any integer lift of PD∆(s0, s1). In
general, Θ˜(ξ, s1, f1) = Θ˜(ξ, s0, f0) +Qf0,f1(zM ), where zM is any integral 2-cycle in (I ×M, {0, 1}×M)
such that ∂zM has the form 2(1 × γ1 − 0 × γ0) with [γi] = Γ(ξ, si) and [zM |2] = PD∆(s0, s1). For
fixed s and f , Θ˜(ξ, s, f) is independent of the orientation of ξ, reverses sign if the orientation of M is
reversed, and drops by 4 if ξ is changed on a component of M by the canonical generator of the Z-action
of Proposition 4.1 (for any fixed τ). Performing a surgery on S0 in (M, ξ) (i.e., a 4-dimensional 1-handle
addition as in Section 2) adds 2 to Θ˜(ξ, s, f), and Θ˜ adds in the obvious way under disjoint union. If
ϕ :M →M ′ is an orientation-preserving diffeomorphism, then Θ˜(ϕ∗ξ, ϕ∗s, ϕ∗f) = Θ˜(ξ, s, f).
If ξ0 and ξ1 are oriented 2-plane fields on a connected M , then they are homotopic if and only if for
some (hence, any) choice of s and f , Γ(ξ0, s) = Γ(ξ1, s) and Θ˜(ξ0, s, f) = Θ˜(ξ1, s, f). If c1(ξ0) is a torsion
class, then the same is true with θ(ξi) or Θf (ξi) in place of each Θ˜(ξi, s, f). If Γ(ξ0, s) = Γ(ξ1, s), then
θ(ξ1)−θ(ξ0) (if defined) lifts under finite covering maps π by multiplying by the degree of π, and similarly
for Θ and Θ˜ (for fixed s and f).
We can compute Θ˜ for a Stein boundary M = ∂X in standard form, by reconstructing the setup
of the proof of Theorem 4.12. Using that notation, let z1 be any integral 2-chain in M with ∂z1 =
2γ −
∑
r(Ki)∂Di for some smooth 1-cycle γ. There is a unique spin structure s on M determined by
the equation PD∆(s, s0) = [z1] ∈ H2(M,
∐
∂Di;Z2), and its characteristic sublink is obtained from the
sublink representing [z1] ∈ H2(X∗, B4;Z2) by subtracting the sublink L0 coming from the 1-handles
of X . Now Θ˜(ξ, s, f) is obtained for any framing f induced from γ on Γ(ξ, s) = [γ], by adding 2-
handles to X along (γ, f), computing the self-intersection number Qf (z) of z =
∑
r(Ki)Di + z1 suitably
extended over the new 2-handles, and subtracting 2χ(X) + 3σ(X). The difference terms 2〈c1(ξ), λ〉 and
Qf0,f1(zM ) in Theorem 4.16 are easily computed once we recall that for spin structures s0 and s1 on
M, the sublink L∆ corresponding to PD∆(s0, s1) is the difference of the corresponding characteristic
sublinks. In fact, 2〈c1(ξ), λ〉 is given by 2
∑
r(Ki)λi, where
∑
λiαi ∈ H2(X∗;Z) lifts L∆ and pulls back
to a class λ ∈ H2(M ;Z). To compute Qf0,f1(zM ), it suffices to assume that (γ0, f0) is carried by a
0-framed knot in ∂B4 ⊂ X∗, then extend zM by a surface in B4 with boundary γ0 and add handles along
γ1 as before.
Here are a few simple applications of the theorem.
Corollary 4.17. If ξ is an oriented 2-plane field with c1(ξ) = 0 on a connected M , and H1(M ;Z) has
no 2-torsion, then all orientation-preserving self-diffeomorphisms ϕ of M preserve ξ up to homotopy.
Proof. Since 2Γ(ξ, s) = PDc1(ξ) = 0, we must have Γ(ξ, s) = 0 = Γ(ϕ∗ξ, s) for any s. Since θ(ϕ∗ξ) = θ(ξ),
the result follows. 
Corollary 4.18. LetM be an integral homology 3-sphere with an orientation-reversing self-diffeomorphism
ϕ. If M bounds a smooth, orientable rational homology ball X (e.g., if M = S3 or Σ#Σ for any homol-
ogy sphere Σ), then no 2-plane field ξ (or nowhere zero vector field) is invariant up to homotopy under
ϕ.
Proof. The rational ball X admits an almost-complex structure. (For example, the double of X admits
an almost-complex structure with isolated singularities [HH].) The resulting complex line field ξ0 on M
has θ(ξ0) = −2. Since H1(M ;Z) = 0, all 2-plane fields on M can be oriented and the Z-action of
Proposition 4.1 acts transitively on the resulting homotopy classes, so any plane field ξ satisfies θ(ξ) ≡ 2
(mod 4). But if ξ is preserved by ϕ up to homotopy then θ(ξ) = −θ(ξ) = 0. 
Corollary 4.19. Let M be a spherical space form with a (positive) contact structure ξ0 whose universal
cover is the tight structure on S3. If ξ1 is any other such contact structure on M with Γ(ξ1, s) = Γ(ξ0, s),
then ξ1 is homotopic to ξ0. If M 6= S3 then there is no negative contact structure ξ2 on M with Γ(ξ2, s) =
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Γ(ξ0, s) and tight universal cover. In particular, any negative contact structure on the Poincare´ homology
sphere must have an overtwisted universal cover.
Proof. Since the tight positive contact structure on S3 is unique, we must have θ(ξ˜1) = θ(ξ˜0), where ξ˜i
is the universal cover of ξi. Thus θ(ξ1) = θ(ξ0) and so ξ0 and ξ1 are homotopic. If ξ2 exists, then it is in
the same Z-orbit as ξ0, so θ(ξ˜2) − θ(ξ˜0) must be an integer divisible by 4 times the degree of the cover.
But θ(ξ˜0) = −2, so θ(ξ˜2) = +2 and the cover has degree 1. The Poincare´ homology sphere admits such a
ξ0 (since the complex line field on ∂B
4 in C2 is invariant under the binary icosahedral group in SU(2)),
so it admits no negative ξ2 with a tight universal cover. 
Example 4.20. Let X be the 4-manifold obtained by attaching a 2-handle to B4 along an oriented
knot K with framing 0. The almost-complex structures on X are classified by the integers, by setting
Jk equal to the unique structure with c1(Jk) given by 2k times the canonical generator of H
2(X ;Z).
We will compute Θ˜ for the 2-plane field ξk induced on M = ∂X by Jk. (Note that θ(ξk) is not defined
unless k = 0.) When K is the unknot, M = S1 × S2, and there is a diffeomorphism ϕ : M → M fixing
the S1-coordinate and acting on the family of 2-spheres by the nontrivial element of π1(SO(3)). We will
show that ϕ preserves the homotopy class of ξk if and only if k is either odd or 0.
There are exactly two spin structures on M . Let s be the one that extends over X , and let s′ be the
other one. Since H1(M ;Z) ∼= Z has no 2-torsion, we must have Γ(ξk, s) = Γ(ξk, s′) =
1
2PDc1(ξk) = k[∂D]
where D is a cocore of the 2-handle. The plane field on ∂B4 determined by Jk contains a nowhere zero
vector field, which extends to a vector field v in ξk with zero locus 2k∂D, and v induces the spin
structure s on M . We can set z = 2kD in Definition 4.15. Let fn denote the n-framing on ∂D (as
measured in ∂B4), which induces a framing on γ = k∂D. (Note that we can also obtain framings on
Γ(ξk, s) = k[∂D] between fn and fn+1, by splitting γ into k disjoint circles.) Clearly, Qfn(z) = 4k
2n,
so Θ˜(ξk, s, fn) = 4(k
2n − 1) ∈ Z/8k. Since the generator λ of H2(M ;Z) lifts PD∆(s, s′), changing the
spin structure adds 4k to Θ˜, Θ˜(ξk, s
′, fn) = 4(k
2n + k − 1) ∈ Z/8k. Now if K is the unknot, then ϕ
interchanges s and s′, and it preserves ∂D, changing fn−1 to fn. Thus, Θ˜(ϕ∗ξk, s, fn) = Θ˜(ξk, s
′, fn−1) =
4(k2(n−1)+k−1) = Θ˜(ξk, s, fn)+4k(1−k) ∈ Z/8k. Since Γ(ϕ∗ξk, s) = Γ(ξk, s), ϕ∗ξk is homotopic to ξk
if and only if 4k(1−k) vanishes modulo 8k, i.e., k is either odd or 0. As a check, observe that ϕ◦ϕ always
preserves ξk as it should (being isotopic to the identity). Note that for any k and n, Θfn(ξk) = −4 ∈ Z/4k,
so the full invariant Θ˜ is required to distinguish ϕ∗ξ from ξ.
Proof of Theorem 4.16. We proceed as in the proof of Theorem 4.5. Given (M, ξ0) as in Definition 4.15
and ξ1 homotopic to ξ0, choose almost-complex manifolds X0, X1 and W as before. For i = 0, 1, choose
si, fi, vi, γi, Li and zi for (Xi, ∂Xi) as in Definition 4.15, and let Θ˜i ∈ Z/4d(ξ0) denote the resulting value
for Θ˜(ξi, si, fi) on ∂Xi = ±M . Note that ∂zi = 2γi. Let zM be a cycle in (I ×M, 0 × L0 ∪ 1 × L1)
dual to the relative Chern class c1(I ×M, v0, v1) ∈ H
2(I ×M, 0× (M − L0) ∪ 1 × (M − L1);Z) for the
given almost-complex structure on I ×M ⊂ W . Then ∂zM = −2(0 × γ0 + 1 × γ1) in ∂I ×M (recall
that PD reverses sign under orientation reversal on M), and the cycle z = z0 + zM + z1 in W is dual
to c1(W ). Reducing modulo 2, we have [zM |2] = PDw2(I ×M, s0, s1) ∈ H2(I ×M ;Z2), or projecting
into M , [zM |2] = PD∆(s0, s1) ∈ H2(M ;Z2). Now c21(W ) = z
2 = Qf0(z0) + Qf0,f1(zM ) + Qf1(z1), so
0 = c21(W )− 2χ(W ) − 3σ(W ) = Θ˜0 + Θ˜1 +Qf0,f1(zM ). In the case Γ(ξ0, s0) = Γ(ξ1, s1) (relative to the
original orientation of M), γ0 and −γ1 will be homologous, so we may compute Qf0,f1(zM ) by writing
zM as 2(I × γ0) + z′ (changing zM and (γ1, f1) by attaching a framed cobordism if necessary) where z′
is an integer cycle in I ×M with [z′|2] = PD∆(s0, s1). Now Qf0,f1(zM ) = zˆ
2
M = 4(f1 − f0) + 4γ0 · z
′ =
4(f1 − f0) + 2〈c1(ξ0), z′〉. Setting f0 = f1 and s0 = s1, we see that [z′] ∈ H2(M ;Z) is even, so that
Qf0,f1(zM ) ≡ 0 mod 4d(ξ0), and Θ˜1 = −Θ˜0. Thus, Θ˜(ξ, s, f) depends only on M, s, f and the homotopy
class of ξ, and it flips sign when the orientation of M is reversed. In the general case, we now have
Θ˜(ξ0, s1, f1) = −Θ˜1 = Θ˜(ξ0, s0, f0) +Qf0,f1(zM ), and the formula remains true if we replace zM by any
other relative cycle z′M with the same boundary and with [z
′
M |2] = PD∆(s0, s1) (since z
′
M − zM will
be an integral cycle in M with [z′M − zM ] ∈ H2(M ;Z) even). It is immediate from the definitions that
Θ˜(ξ, s, f) reduces mod 2d(ξ) to Θf˜(ξ), and the rest of the first paragraph of Theorem 4.16 is also clear,
except for the assertion about the Z-action.
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To compute the effect of the standard generator g of the Z-action in Proposition 4.1 on a component
of M (adding a right twist to the framing of Γτ (ξ)), we fix a trivialization τ of TM and a 2-plane field
ξ, and form X as before. Let ξ′ be a plane field on M obtained from ξ via g. We can assume that ξ = ξ′
outside of a ball B in M , that ϕ−1ξ (p) ∩ B = ∅ and that ϕ
−1
ξ′ (p) ∩ B is an unknot with framing 1. Now
we alter the almost-complex structure on X in a neighborhood of B so that it has a unique singularity
and its field of complex lines on M is ξ′. We can remove the singularity by a suitable sum with copies of
S2 × S2 as in the proof of Lemma 4.4, and use the new manifold X ′ to compute Θ˜(ξ′, s, f). Clearly, this
construction is local, so the change in Θ˜ is independent of our initial choices, including M , ξ, X and τ ,
and θ (when defined) changes by the same number. It is obvious from the Hirzebruch-Hopf formula (see
the proof of Lemma 4.4) that the change must be divisible by 4, but to determine it exactly we compute it
in an example. Let M = S3 and let ξ and ξ′ be the unique negative and positive tight contact structures
on M . Then θ(ξ′)− θ(ξ) = −4, and we verify that ξ′ is obtained from ξ via g (up to homotopy). Let S3
be the unit sphere in the quaternions H = {q = z+wj | z, w ∈ C}. The complex structure is given by left
multiplication by i, and S3 = SU(2) acts by right multiplication, determining a canonical trivialization
τ of TM . The standard contact structure ξ′ is orthogonal to the right-invariant vector field v′(q) = iq,
which corresponds to the constant map ϕξ′(q) = i (into S
2 ⊂ ImH) under τ . The opposite structure
ξ is orthogonal to a vector field v obtained from v′ by conjugating by the orientation-reversing map
q 7→ q¯ = z¯ − wj. Thus, v(q) = −qi and ϕξ(q) = −qiq¯. Clearly, ϕξ(q) = ϕξ(q′) if and only if q and q′ lie
in the same orbit under right multiplication by S1 = C ∩ S3. Since left multiplication by S1 induces the
standard Hopf fibration, whose fibers have linking number +1, the fibers of ϕξ will have linking number
−1. Thus, g sends ξ to ξ′, as required.
We have now verified that g lowers the invariants θ ∈ Q and Θ˜ ∈ Z/4d(ξ) by 4. By Proposition 4.1,
g generates a Z-action on each set Γ−1τ (x) of a connected M , and Γ
−1
τ (x) is isomorphic to Z/d(ξ) as a
Z-space. Thus, Θ˜ (or θ when defined) distinguishes any two nonhomotopic plane fields with the same
value of Γτ = Γ(·, s), so Γ and Θ˜ (or θ) are a complete set of invariants for distinguishing homotopy
classes of plane fields. Furthermore, for a degree k covering M˜ →M and the trivialization of TM˜ lifting
that of TM , g will lift to kg on M˜ , so differences in Θ˜ or θ on Γ−1τ (x) will multiply by k under lifting. 
5. Contact 3-manifolds.
We now examine holomorphically fillable contact structures on oriented 3-manifolds in more detail.
We show that many such structures have finite covers that are overtwisted (Proposition 5.1). As an
example, we exhibit a pair of fillable structures on an oriented 3-manifold that are are homotopic as plane
fields (Example 5.2), and distinguish them by observing that under a certain 2-fold cover one becomes
overtwisted while the other remains tight. We then expand our notation to allow rational surgeries on
links (Proposition 5.3 and surrounding text) and proceed to exhibit fillable structures on several families of
oriented 3-manifolds. We show that “most” oriented Seifert fibered spaces admit fillable positive contact
structures (Theorem 5.4). For example, all such spaces that fiber over (possibly nonorientable) surfaces
other than S2 bound Stein surfaces realizing both boundary orientations, as do many Brieskorn spheres,
and all Seifert fibered spaces bound Stein surfaces after possibly reversing orientation (Corollary 5.5). Our
construction frequently yields contact structures representing more than one homotopy class of 2-plane
fields on the manifold; we examine the case of circle bundles over surfaces in detail (Corollary 5.7). For a
family of examples most of which are hyperbolic, we realize “most” rational surgeries on the Borromean
rings as oriented boundaries of Stein surfaces (Theorem 5.9 and subsequent corollaries). For an arbitrary
link, Proposition 5.8 discusses the local topology of the set of n-tuples of rational coefficients for which
surgery yields a Stein boundary.
Proposition 5.1. Let (M, ξ) be a contact 3-manifold exhibited as the boundary of a Stein surface in
standard form (Definition 2.1). Suppose that the diagram intersects some disk in R2 in a collection of
m ≥ 1 parallel strands in the configuration shown in Figure 28, and let γ be a loop surrounding the strands
as shown. Let (M˜, ξ˜)→ (M, ξ) be any locally contactomorphic covering map such that some conjugate of
γ in π1(M) is not in the image of π1(M˜). Then ξ˜ is an overtwisted contact structure.
For example, if L is any Legendrian link in #nS1 × S2, and we modify L by adding zig-zags to some
component K to decrease tb(K) by 2 without changing r(K), then the proposition applies to the manifold
HANDLEBODY CONSTRUCTION OF STEIN SURFACES 35
γ
 m strands   
Figure 28
(M, ξ) obtained by contact surgery on the modified link, with γ a meridian of K. Applying this to the
unknot in S3, we see that any lens space of the form L(p, 1), p ≥ 4, admits fillable structures all of
whose covers are overtwisted. Of course, these same lens spaces are pseudoconvex boundaries of negative
holomorphic disk bundles over S2, and all covers of the resulting contact structures are tight, since they
are fillable by holomorphic disk bundles (by branched covering).
Proof. Let C be the Legendrian curve shown in Figure 29(a), with tb(C) = −2. As a smooth knot in the
complement of the given link, C is isotopic to the Whitehead double of γ, so it bounds an immersed disk
D disjoint from the link, as is clearly visible in Figure 29(b). The framing induced by D on C = ∂D is the
blackboard framing in Figure 29(b), corresponding to the writhe w(C) = −2 = tb(C). Thus, D induces
the canonical framing on C. The π1-condition on γ guarantees that some lift D˜ of D is an embedded
disk in M˜ . Since D˜ still induces the canonical framing on its boundary, it is an overtwisted disk in M˜ ,
i.e., its boundary is an unknot with tb(∂D˜) = 0. 
γ
 (a)
 C γ
 C  =    D
 (b) ∂
 D
Figure 29
Example 5.2. Let (M, ξ) be the boundary of the Stein surface X obtained by attaching a 2-handle to
the Legendrian knot K ⊂ S1 × S2 shown in Figure 30(a). Then tb(K) = 1 and r(K) = 0, so the framing
on K is 0 and c1(X) = 0. By changing the 1-handle to a 2-handle (cf. Figure 26), we see that M is
also obtained by 0-surgery on the symmetric link L shown in Figure 30(b). Since H1(M ;Z) ∼= Z ⊕ Z
has no 2-torsion and c1(X) = 0, we have Γ(ξ, s) = 0 for all spin structures s, and θ(ξ) is defined and
equals −2. Since the link L is symmetric, there is an orientation-preserving diffeomorphism ϕ :M →M
that interchanges the two surgery tori. Clearly, the fillable positive contact structure ϕ∗ξ on M has
the same invariants Γ and θ as ξ, so by Theorem 4.16, ξ and ϕ∗ξ are homotopic as 2-plane fields. To
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distinguish the two contact structures, we pass to a double cover. Since π1(X) ∼= Z, X has a unique
double cover X˜ . The corresponding contact manifold (M˜, ξ˜) covering (M, ξ) bounds X˜, so it is tight.
However, the lift of ϕ∗ξ to M˜ is contactomorphic to a double cover of (M, ξ) with multiplicity 2 along
K, so Proposition 5.1 shows that it is overtwisted. Thus, ξ and ϕ∗ξ cannot be isotopic, although they
are both contactomorphic (via ϕ) and homotopic as 2-plane fields. For similar examples that are not
homotopic, consider Example 4.14 with p ≥ 2. These examples can also be distinguished by a new
technique of Akbulut and Matveyev [AM] relying on gauge theory.
 (a)  (b)
 0
 0
 K
Figure 30
For the remainder of the paper, we will work with rational surgery diagrams for 3-manifolds. For
more details, see [GS] or [Ro]. Let M0 be an oriented 3-manifold, and suppose we have established a
convention for determining 0-framings of knots inM0. In our applications,M0 will usually be #nS
1×S2
(n ≥ 0) exhibited in standard form as in Section 2. Let L be a link in M0. If we assign a rational number
ri =
pi
qi
∈ Q ∪ {∞} (pi, qi coprime integers) to each component Ki of L, then we obtain a 3-manifold M
by rational surgery on L with coefficients ri, as follows. Each Ki has a tubular neighborhood νKi. Let
(µi, λi) be a positively oriented basis for H1(∂νKi;Z) ∼= Z⊕ Z, where λi is determined up to sign as the
class of a parallel copy of Ki determined by the 0-framing, and µi is determined by a suitably oriented
meridian (nullhomologous circle in νKi); see Figure 31. We obtain M by cutting each νKi out of M0
and regluing it by a diffeomorphism of ∂νKi sending µi to piµi + qiλi. This procedure determines M up
to orientation-preserving diffeomorphism. Thus, setting ri = ∞ corresponds to deleting Ki from L. If
M0 = ∂(0-handle ∪ 1-handles) in standard form and all coefficients are integral, then M is the boundary
of the 4-manifold obtained by attaching handles along L using the same coefficients. For this M0, any
1-handle can be replaced by a 0-framed 2-handle without changingM ; recall Figure 26. Two other useful
moves leaving M unchanged are the Rolfsen twist and slam-dunk . For m ∈ Z, an m-fold Rolfsen twist
(Figure 32) is obtained by cutting M0 open along a disk bounded by an unknotted component Ki of L,
and regluing it with m right 360◦ twists. (A negative number denotes |m| left twists.) The reciprocal of
the coefficient of Ki increases by m as shown, and the other coefficients rj increase by m(ℓk(Ki,Kj))
2.
A slam-dunk (Figure 33) is obtained from a pair of components Ki,Kj of L with Kj a meridian of Ki
and ri ∈ Z, by pushing Kj across ∂νKi into the solid torus glued to ∂νKi, changing the coefficient of Ki
to ri −
1
rj
.
Proposition 5.3. Let L be a Legendrian link in standard form in #nS1×S2, with a rational coefficient
ri assigned to each component Ki. If ri < tb(Ki) or ri =∞ for each i, then the manifold M obtained by
rational surgery on L with these coefficients is the oriented boundary of a Stein surface.
Proof. First, we erase each component of L with coefficient ∞, which does not change M . For each
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remaining component Ki, the coefficient ri ∈ Q has a unique continued fraction expansion of the form
ri = a0 −
1
a1 −
1
a2 − · · · −
1
ak
,
with each aj ∈ Z, and aj ≤ −2 for j 6= 0. In fact, a0 is the greatest integer ≤ ri, and the remaining
coefficients can be obtained by successively solving and taking the greatest integer part. Modify L by
adding a chain of k unknots linked to Ki and associating integer coefficients a0, . . . , ak as shown in
Figure 34. This well-known procedure leaves M unchanged, as is easily seen by a sequence of slam-
dunks. Since a0 ≤ tb(Ki)− 1 and aj ≤ −2 for j 6= 0, we can add zig-zags until tb− 1 for each component
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equals the given integer. Applying this procedure to each component Ki of L, we obtain a diagram of a
Stein surface whose oriented boundary is M . 
 K
 i
 K
 i
 r   
 i
 a
 0
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 a
 a
 k
 2
 1
Figure 34
Now we can use diagrams in standard form with rational coefficients ri < tb(Ki) to draw Stein
surfaces bounded by the corresponding 3-manifolds obtained by rational surgery. To uniquely specify a
Stein surface, we can use Figure 34 and an additional convention: Fix an orientation on L, orient the
new link components so that the linking numbers in Figure 34 are nonnegative, and require all additional
zig-zags to be oriented upward, decreasing r(K). In general, the resulting Stein structure depends on
the choice of orientation of L, and other Stein structures can be obtained by allowing zig-zags oriented
in both directions. In practice, we will usually disregard the nonuniqueness when realizing 3-manifolds
as Stein boundaries. For a simple example of this construction, observe that any lens space L(p, q) is
obtained by − pq -surgery on the unknot, with −
p
q < −1 (except for S
3 and S1 × S2). The proposition
realizes any L(p, q) as the oriented boundary of a Stein surface, usually with a variety of Stein structures.
Thus, we see the construction more clearly with contact lenses.
For a deeper example, we consider oriented Seifert fibered spaces. These are oriented, connected 3-
manifoldsM that are foliated by circles, so that the quotient is a closed, not necessarily orientable, surface
F , and the fibers can be described locally (over orientable neighborhoods in F ) as the orbits of a circle
action. The manifoldM is obtained from the circle bundle over F with oriented total space and vanishing
Euler class (F × S1 when f is orientable) by rational surgery on k ≥ 0 fibers (whose 0-framings are
determined by the projection to F ) with coefficients ri =
pi
qi
, pi a positive integer called the multiplicity,
i = 1, . . . , k. The pairs (pi, qi), together with data determining F , are called the (unnormalized) Seifert
invariants , and specify M up to orientation- and fiber-preserving diffeomorphism. We obtain M (= M
with its opposite orientation) by reversing the sign of each ri. The Euler number e(M) =
∑k
i=1−
1
ri
∈ Q is
an invariant of the Seifert fibration that reverses sign under orientation reversal. Neumann and Raymond
([NR], Corollary 5.3) showed that for F orientable and e(M) < 0,M is the oriented, strictly pseudoconvex
boundary of a compact complex surface (a negative definite plumbing), hence, of a Stein surface [Bo].
We show that Seifert manifolds are oriented Stein boundaries under much weaker hypotheses. For r ∈ Q,
let r = [[r]] + frac(r) denote the decomposition of r with [[r]] ∈ Z and frac(r) ∈ [0, 1). Then −[[−r]] is the
smallest integer ≥ r, so [[r]] + [[−r]] = −1 for r /∈ Z. For F orientable, let e0(M) denote
∑k
i=1[[−
1
ri
]] ∈ Z,
which is also an invariant of the Seifert fibration. Clearly, e0(M)+ e0(M) = −k0, where k0 is the number
of coefficients with 1ri /∈ Z. (Note that a circle bundle over an oriented base is given by the single coefficient
r = − 1e , where e is the Euler number, and so e0(M) = e. The integer b arising in the normalized form of
the invariants must then be e0(M) or −e0(M), depending on one’s normalization convention.)
Theorem 5.4. Let M be an oriented Seifert fibered space with possibly nonorientable base F . If F ≈ S2,
define r′i ∈ [−∞,−1), i = 1, . . . , k, by −
1
r′
i
= frac(− 1ri ), with ri as above. Then M is the oriented
boundary of a compact Stein surface if at least one of the following conditions is satisfied:
a) F 6≈ S2
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b) F ≈ S2 and e0(M) 6= −1
c) F ≈ S2 and if k ≥ 3 there is a permutation of the indices of r′1, . . . , r
′
k after which r
′
i < n(r
′
1, r
′
2)
for all i ≥ 3, where the function n is defined below. This last condition is automatically satisfied
if k ≤ 2 or r′i < −2 for all i or r
′
i < −[[
1
(1/r′
1
)+1 ]]− 1 for all i ≥ 2.
Corollary 5.5. (a) Any oriented Seifert fibered space M bounds a compact Stein surface after possibly
reversing orientation.
(b) An oriented Seifert fibered space M bounds compact Stein surfaces realizing both orientations,
except possibly when F ≈ S2 and e0(M) equals −1 or 1− k0.
(c) The following Brieskorn homology spheres bound compact Stein surfaces realizing both orientations,
except possibly for the negative orientation on Σ(2, 3, 5), the Poincare´ homology sphere: Σ(p1, p2,mp1p2±
1), Σ(2, p2, (2m+ 1)p2 ± 2), Σ(2, p2, p3) with p2 < 11, Σ(3, p2, p3) with p2 < 7.
Part (c) of the corollary is included as a test case of condition (c) of the theorem, since Brieskorn
spheres with three multiple fibers always fail conditions (a) and (b) for one choice of orientation. (See
the remark following the proof of the corollary.) The author has encountered only one stubborn Seifert
fibered homology sphere (cf. Corollary 4.19).
Conjecture 5.6. Only one orientation on the Poincare´ homology sphere Σ(2, 3, 5) is realized as the
boundary of a Stein surface.
We define the function n : Q×Q→ Z ∪ {∞} of Theorem 5.4, with Q = [−∞,−1) ∩ ({−∞} ∪Q), as
follows. (Note that −∞ =∞; the signs are chosen for compatibility with the ordering.) Given r′1, r
′
2 ∈ Q,
define s ∈ (−∞,−1] by 1s = −1 −
1
r′
1
. If s = r′2, set n(r
′
1, r
′
2) = 0 (meaning that M is a Stein boundary
regardless of r′3, . . . , r
′
k). Otherwise, there is a projective linear transformation A = ±
[
a b
c d
]
∈ PSL(2,Z)
acting on Q ∪ {∞} (slopes in Z × Z) by Ar = c+dra+br , such that As ∈ (−1, 0] and Ar
′
2 ∈ [−∞,−1). For
example, there is a unique such A with As = 0. Let
t =


0 if A0 ∈ [0,∞]
1
As if A0 ∈ [−1, 0)
Ar′2 if A0 ∈ (−∞,−1)
,
so that t ∈ [−∞, 0], and let M = max(|a|, |c|), m = min(|a|, |c|). Let
nA(r
′
1, r
′
2) = −m([[t]] + 1)−M .
(Here, −[[−∞]] = +∞.) We define n(r′1, r
′
2) to be the supremum of nA(r
′
1, r
′
2) over all such A. For
example, suppose there is an integer ℓ with r′2 < ℓ < s. For the largest such ℓ, we have ℓ+ 1 = −[[−s]] =
−[[ 1(1/r′
1
)+1 ]] ≤ −1. Then for A =
[
1 0
−ℓ−1 1
]
we have As = −(ℓ + 1 − s) = −frac(−s) ∈ (−1, 0] and
Ar′2 = r
′
2 − ℓ − 1 ∈ [−∞,−1) as required. Thus, nA(r
′
1, r
′
2) is defined and equals ℓ. We conclude that
condition (c) of the theorem is satisfied whenever r′i < ℓ = −[[
1
(1/r′
1
)+1 ]]−1 for all i ≥ 2. The case r
′
i < −2
for all i is precisely the case ℓ = −2, so we have verified the last sentence of the theorem.
Proof of Corollary 5.5. To prove (a), it suffices to assume that F = S2. Then F × S1 is obtained by
0-surgery on an unknot K, with fibers {xi} × S1 corresponding to meridians of K, so a surgery diagram
of M is given by Figure 35. We can assume that either k0 = k or k = 1, by slam-dunking meridians with
1
ri
∈ Z and restoring the resulting integer framing on K to 0 by a Rolfsen twist on a remaining meridian.
But M is a Stein boundary unless k ≥ 3, in which case e0(M) + e0(M) = −k0 ≤ −3, so either M or M
satisfies e0 6= −1.
Since (b) follows immediately from Theorem 5.4, we proceed to part (c). The Brieskorn homology
sphere M = Σ(p1, p2, p3) is defined for any pairwise coprime integers p1, p2, p3 ≥ 2 and is the unique
(up to orientation) Seifert fibered homology sphere with multiplicities p1, p2, p3. The base F must be
S2, and the denominators of the coefficients ri =
pi
qi
can be chosen arbitrarily subject to the constraint
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that c = q1p2p3 + p1q2p3 + p1p2q3 should equal ±1. Clearly, c = −p1p2p3e(M), so the case c = 1
corresponds to the usual orientation with e(M) < 0, when M is oriented as the link of the singularity of
zp11 + z
p2
2 + z
p3
3 = 0 in C
3, and c = −1 corresponds to the opposite orientation. (See [NR] for details.)
Since 1ri is never an integer, we have e0(M) + e0(M) = −3. For each of the Brieskorn spheres listed in
the corollary, we will exhibit coefficients r1, r2, r3 for which e0(M) = −1. Then e0(M ) = −2, so M is a
Stein boundary and it suffices to analyze M , which we will do via part (c) of the theorem.
We begin with the family Σ(p1, p2,mp1p2 ± 1). Since p1 and p2 are coprime, we can find ℓ1, ℓ2 ∈ Z
with
∣∣∣ p1 ℓ1p2 ℓ2
∣∣∣ = 1. We choose ℓ1 ∈ (0, p1), and it follows that ℓ2 ∈ (0, p2). Let r1 = p2ℓ2 , r2 = p1−ℓ1 and
r3 =
mp1p2±1
−m . Clearly, the resulting M satisfies c = ±1 and e0(M) = −1, so it is Σ(p1, p2,mp1p2 ± 1)
with the interesting orientation. Now s = − p2ℓ2 and r
′
2 = r2, and the matrix A =
[
p1 ℓ1
p2 ℓ2
]
∈ SL(2,Z)
satisfies As = 0, Ar′2 = −∞. We have nA(r
′
1, r
′
2) = −p1 − p2 > r3 = r
′
3 except in the case of Σ(2, 3, 5)
oriented with positive Euler number (c = −1).
Table 1 lists some other families of Brieskorn spheres by their multiplicities p1, p2, p3, together with
coefficients r1, r2, r3 realizing them with orientation such that e0(M) = −1, and a reason why each
family consists of Stein boundaries. The signs are to be chosen consistently throughout each example,
and we require ℓ,m and the signs to be chosen to avoid the previous examples Σ(p1, p2,mp1p2 ± 1). All
multiplicities pi must be ≥ 2, but note that m = 0 is sometimes allowed. Most of these Brieskorn spheres
are Stein boundaries by the last sentence of Theorem 5.4; for the rest we list a suitable matrix A with
r′3 < nA(r
′
1, r
′
2). It is easily verified that the list contains all of the remaining homology spheres in the
corollary. 
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Table 1
p1, p2, p3 r1, r2, r3 Reason
2, 4ℓ± 1, 2(4ℓ± 1)m+ 4ℓ∓ 1
2
1
,
4ℓ± 1
−ℓ
,
2(4ℓ± 1)m+ 4ℓ∓ 1
−(2ℓ± 1)m− ℓ
r′1 = −2, r
′
2, r
′
3 < −3
2, 4ℓ± 3, 2(4ℓ± 3)m+ 4ℓ± 1
2
1
,
4ℓ± 3
−ℓ∓ 1
,
2(4ℓ± 3)m+ 4ℓ± 1
−(2ℓ± 1)m− ℓ
r′1 = −2, r
′
2, r
′
3 < −3
2, 7, 14m± 3
2
1
,
14m± 3
−5m∓ 1
,
7
−1
A =
[
3 1
2 1
]
2, 9, 18m± 5
2
1
,
18m± 5
−7m∓ 2
,
9
−1
A =
[
3 1
2 1
]
3, 4, 12m± 5
3
2
,
4
−1
,
12m± 5
−5m∓ 2
All r′i < −2
3, 5, 15m± 2
3
−1
,
5
−1
,
15m± 2
8m± 1
All r′i < −2
3, 5, 15m± 4
3
2
,
5
−2
,
15m± 4
−4m∓ 1
All r′i < −2
3, 5, 15m± 7
3
1
,
5
−1
,
15m± 7
−2m∓ 1
r′1 = −
3
2
, r′2, r
′
3 < −4
Remark. Brieskorn spheres with three multiple fibers are relatively difficult to analyze, in the sense that
any such M fails both conditions (a) and (b) of Theorem 5.4 for one choice of orientation. To see this,
note that in general we are free to change each 1ri by adding any mi ∈ Z, provided that
∑k
i=1mi = 0.
(Simply Rolfsen twist along the meridians in Figure 35.) Thus, for M = Σ(p1, p2, p3) we may assume
that − 1r1 ,−
1
r2
∈ (0, 1). But the equation c = ±1 shows that the numbers qi, hence −
1
ri
, cannot all have
the same sign. Thus − 1r3 < 0 and e0(M) ≤ −1. Similarly, e0(M ) ≤ −1. Since e0(M) + e0(M ) = −3,
either e0(M) or e0(M ) equals −1. In contrast, the Brieskorn sphere M = Σ(2, 3, 5, 7) is given by
ri =
2
−1 ,
3
1 ,
5
3 ,
7
−3 , so e0(M) = e0(M ) = −2 and both M and M are Stein boundaries by Theorem 5.4(b).
Proof of Theorem 5.4. First, we draw a link diagram of a general Seifert fibered space M . Figure 36(a)
shows a disk bundle over a torus T 2 with Euler number e, drawn with two 1-handles and a 2-handle.
The dashed lines are circles lifted from {x} × S1 and S1 × {x} in T 2 = S1 × S1, and the fiber circles in
the boundary of the bundle are meridians of the 2-handle. (See [GS], for example.) We put the diagram
in standard form by moving a 1-handle as indicated in (a), obtaining a Legendrian knot with tb = 0 (b).
This realizes the 4-manifold by a Stein surface, provided that e ≤ −1. We can do a bit better (c) using
the trick of Figure 20, realizing T 2 ×D2 (e = 0). Now recall that Figure 35 shows an arbitrary Seifert
fibered space with base F = S2. If F = T 2, we obtain the corresponding picture (of an oriented, not
necessarily contact, 3-manifold) by adding meridians to Figure 36 (e = 0) with coefficients r1, . . . , rk.
If F is an orientable surface of genus g, the picture is obtained from Figure 35 by summing K with g
copies of Figure 37(a) and retaining the 0-framing on K. If F is nonorientable with genus g, we use g
copies of Figure 37(b) and the 0-framing. (In the nonorientable case, the ratio piqi of the Seifert invariants
no longer equals the surgery coefficient ri when the coefficient on K is 0, since the 0-framing on K no
longer corresponds to e = 0 in the circle bundle over F , but rather e = −2g [GS]. In fact, we have
e(M) =
∑k
i=1−
qi
pi
= −2g +
∑k
i=1−
1
ri
.)
To begin constructing the required Stein surfaces, we first observe that we can change each 1ri by any
integer using a Rolfsen twist, at the expense of changing the framing of K. We use this to replace each
ri by the unique r
′
i for which r
′
i ∈ [−∞,−1), which is given by −
1
r′
i
= frac(− 1ri ). The resulting coefficient
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Figure 37
on K is e0(M) =
∑k
i=1[[−
1
ri
]]. (For F nonorientable, we are defining e0(M) here.) Since we can draw K
as Legendrian with tb(K) = 2g − 1 and add Legendrian meridians with tb = −1, Proposition 5.3 realizes
M as a Stein boundary, provided that e0(M) < 2g − 1. (The same technique also shows that we can
realize any disk bundle over F with Euler class e ≤ −χ(F ) by a Stein surface, provided that we improve
Figure 37(b) using Figure 20.)
We next realize M as a Stein boundary whenever e0(M) ≥ 1, completing the proof of part (a). We
change the framing onK from e0(M) to 1 by an inverse slam-dunk, adding a new meridian with coefficient
r′k+1 =
1
1−e0(M)
∈ [−∞, 0). For each T 2- or RP 2-summand of F , we surger a 1-handle to a 0-framed
2-handle, replacing Figure 37 in the construction by Figure 38. Now K is a 1-framed unknot in S3,
and we stack the other curves along it as in Figure 39. Note that as these curves pass through the disk
bounded by K, they all lie on one or two ribbons that appear in the diagram with a right half-twist.
Next, we blow down K (Rolfsen twist on it with m = −1), replacing it by a full left twist as in Figure 40.
The half-twists on the ribbons become left-handed. The framing on each curve Ki drops by (ℓk(K,Ki))
2,
so the new framing on each meridian is r′i − 1 ∈ [−∞,−1). The framings on the other curves are either
0 or −4, depending on whether F is orientable ((a) or (b) in the figures). Proposition 5.3 shows that
Figure 40 represents a Stein surface.
It now remains to deal with the case F ≈ S2 (Figure 35), e0(M) = −1 or 0. If e0(M) = 0, we can
replace K by a 1-handle as in Figure 41, obtaining a Stein surface. This completes the proof of part (b).
To prove part (c), it now suffices to assume that e0(M) = −1. We can assume that k ≥ 2, by adding
coefficients r′i = −∞ if necessary. After permuting the indices of r
′
1, . . . , r
′
k if desired, we slam-dunk the
meridian with coefficient r′1 as in Figure 42. We denote the new coefficient of K by
1
s = −1 −
1
r′
1
and
the meridian labelled r′i by Ki, i = 2, . . . , k. Let T denote the boundary of a tubular neighborhood of
HANDLEBODY CONSTRUCTION OF STEIN SURFACES 43
 (a)  (b)
 0
 0
Figure 38
 (a)  (b)
 0
 r   ′
 i
 1
 0
 0
 1
 r   ′
 i
 0
 0
Figure 39
K, containing K3, . . . ,Kk and identified with R
2/Z2 so that µ and λ correspond to the positive x- and
y-axes, respectively. Now we can identify the complement of a tubular neighborhood of K∪K2 in S3 with
T × I. Thus, M is the unique oriented manifold obtained from T × I by rational surgery with coefficients
r′3, . . . , r
′
k on curves Ki with slope 0 in T = R
2/Z2, where the 0-framing on each Ki is determined by
the product structure on T × I, with solid tori S1 ×D2 glued to the two boundary components so that
{x} × ∂D2 maps to curves with slopes s and r′2, respectively. We will complete the proof by changing
coordinates in T and then drawing a suitable link picture.
First, suppose that s = r′2. Then there is a matrix A ∈ SL(2,Z) such that As = Ar
′
2 = 0 and
A0 = − pq , p, q > 0. Applying the corresponding diffeomorphism to T , we obtain a Hopf link with
coefficients ∞ and 0, and the curves K3, . . . ,Kk are sent to parallel left-handed (p, q) torus knots in T ,
linking the 0-framed unknot p times. We erase the∞-framed unknot and replace the 0-framed unknot by
a 1-handle. The image of each Ki, i ≥ 3, is now a copy of the knot K ′ in Figure 43, which is Legendrian
with tb(K ′) = −pq. The framing f determined on K ′ by the product structure of T × I has coefficient
−pq = tb(K ′) in Figure 43, as we can easily see by pushing a copy of K ′ off of T and computing its
linking number with K ′. Thus, f equals the canonical framing on K ′. Since the images of the curves Ki
are parallel copies of K ′ determined by f , it follows that they fit together as a Legendrian link with each
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tb = tb(K ′). But each surgery coefficient is r′i < −1 relative to the framing f , or r
′
i − pq < tb(K
′)− 1 in
Figure 43 relative to our standard convention for framing coefficients. Thus, Proposition 5.3 exhibits M
as the boundary of a Stein surface in the case s = r′2.
As we observed when defining the function n (after Conjecture 5.6), if s 6= r′2 then there is a matrix
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 q cusps 
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A =
[
a b
c d
]
∈ SL(2,Z) such that As ∈ (−1, 0] and Ar′2 ∈ [−∞,−1). Given any such A, we apply
the corresponding diffeomorphism to T , again obtaining parallel copies of a torus knot K ′ in T wrapped
around the Hopf link, with the latter now having coefficients 1As and Ar
′
2 in [−∞,−1). If A0 ∈ [0,∞], then
the torus knot is right-handed as in Figure 44. In this case K ′ is Legendrian with tb(K ′) = |ac|− |a|− |c|,
and the framing f induced by T is |ac| = tb(K ′) + |a| + |c|. Since f is obtained from the canonical
framing by adding right twists, we can realize the images of K3, . . . ,Kk by a Legendrian link with each
component satisfying tb = tb(K ′), as before. The required surgery coefficients are r′i relative to f , or
r′i + tb(K
′) + |a| + |c| using the standard convention. By Proposition 5.3, M bounds a Stein surface in
this case, provided that for i = 3, . . . , k, r′i < −|a| − |c| = nA(r
′
1, r
′
2).
In the remaining case, A0 ∈ (−∞, 0) and the (|a|, |c|) torus knot K ′ is left-handed. Now the picture
depends on which of |a|, |c| is larger, so we set M = max(|a|, |c|), m = min(|a|, |c|) and (t, t′) equal to
( 1As , Ar
′
2) if m = |c| and (Ar
′
2,
1
As ) otherwise. Figure 45(a) shows the resulting Legendrian link. Since
t, t′ < −1, the Hopf link satisfies the hypothesis of Proposition 5.3, provided that we have added no more
than −[[t]] − 2 ≥ 0 extra left cusps to it as shown. If M ≤ −m([[t]] + 1), then we can draw the (m,M)
torus knot correctly by winding around these extra zig-zags as shown, ending as in (b) of the figure. If
the inequality fails, we must add the extra M +m([[t]] + 1) twists to K ′ by the less efficient procedure on
the right of the diagram, ending as in (c). In either case, tb(K ′) = −Mm−max(0,M +m([[t]] + 1)) and
the framing f induced by T is −Mm ≥ tb(K ′), so we can again realize the images of K3, . . . ,Kk by a
Legendrian link with tb = tb(K ′) for each component. The surgery coefficients are r′i+tb(K
′)+max(0,M+
m([[t]] + 1)), and the 3-manifold bounds a Stein surface provided that r′i < −M −m([[t]] + 1) = nA(r
′
1, r
′
2)
for i = 3, . . . , k. This completes the proof, since the last sentence of part (c) was verified after the
definition of n. 
|c| strands
 Ar   
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__
 As  
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Note that many Seifert fibered spaces can be realized as boundaries of Stein surfaces in many ways. We
have already observed that Proposition 5.3 typically produces a 4-manifold that admits Stein structures
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with a variety of Chern classes. In addition, the proof of Theorem 5.4 sometimes provides several methods
for analyzing a given Seifert manifold — for example, if the base F has genus g > 1, then the cases of
large and small e0(M) overlap. The author has made no systematic study of this nonuniqueness, but
here is one simple family of examples. Recall that for any tight contact structure ξ on a 3-manifold M ,
we have |〈c1(ξ), F0〉| ≤ max(−χ(F0), 0) for any closed, connected, oriented surface F0 in M . We will call
an oriented 2-plane field allowable if it satisfies this inequality for all such surfaces F0.
Corollary 5.7. Let M be the circle bundle with Euler number e over a closed, connected, oriented surface
F of genus g, and let q ∈ M . Then the oriented 3-manifold M admits at least [[g − e2 ]] holomorphically
fillable contact structures whose homotopy classes remain distinct after allowing orientation-preserving
self-diffeomorphisms of M . If g 6= 0 and e < g, then these contact structures (with both orientations
allowed on the 2-planes) realize all homotopy classes of allowable 2-plane fields on M − {q}. For any g
and e, holomorphically fillable structures on M and M together realize all allowable homotopy classes on
M − {q}.
Proof. As in the previous proof, Figure 37(a) realizes M as a Stein boundary if e ≤ 2g− 2 = −χ(F ), via
an oriented Legendrian knot K in #2g S1×S2 whose meridian we denote by µ. In the case of equality we
have r(K) = 0, and in general we can realize any r(K) congruent to emod 2 such that |r(K)| ≤ 2g−2−e
(by adding zig-zags to the case e = 2g − 2). By a computation similar to that of Corollary 4.6, the
resulting contact structure ξ has PDc1(ξ) = r(K)µ and (for e 6= 0) θ(ξ) =
r(K)2
e − 2χ(F )− 3 sign e, so
for the [[g− e2 ]] different values of |r(K)|, the structures ξ will not become homotopic after any orientation-
preserving self-diffeomorphisms of M . To determine when these contact structures realize all allowable
homotopy classes over M − {q}, recall from Corollary 4.9 that 2-plane fields ξ on M − {q} are classified
by the invariant Γ, and 2Γ(ξ, s) = PDc1(ξ). If ξ is an allowable plane field, then Γ(ξ, s) pairs trivially
with each of the tori in M projecting to circles in F . Thus, Γ(ξ, s) is a multiple ℓµ of the fiber µ, and
it suffices to understand which multiples we can realize. For the above contact structures, we define
X∗ as in Theorem 4.12, let s be the spin structure on M corresponding to the characteristic sublink
K, and compute that Γ(ξ, s) = 12 (r(K) + e)µ. If 0 = e < g, we can realize ℓµ this way for any ℓ ∈ Z
with 2|ℓ| ≤ −χ(F ). But in this case, F lifts to a section F˜ of M , so any allowable 2-plane field satisfies
−χ(F ) ≥ |〈c1(ξ), F˜ 〉| = |2ℓµ · F˜ | = 2|ℓ|. Thus, we have finished the case e = 0. For e 6= 0, µ has order |e|
in H1(M ;Z). Since the above contact structures realize 2g− 1− e consecutive values of ℓ, we can realize
all multiples of µ provided that 2g − 1− e ≥ |e|, or e < g, g 6= 0.
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To prove the final assertion, we also consider contact structures on M . If g 6= 0 then we are done
because eitherM orM has e ≤ 0 < g. Similarly, if g = 0, it suffices to assume e(M) < 0. (The case e = 0
is easy and e(M ) = −e(M).) But we have already realized Γ(ξ, s) = 12 (r(K) + e)µ for r(K) ≡ emod2,
|r(K)| ≤ |e| − 2. Since µ has order |e|, we are only missing the case Γ(ξ, s) = 0. But M = |e|-surgery
on the unknot is also realized by |e|1−|e| -surgery on the unknot via a Rolfsen twist, or by a chain of |e| − 1
unknots with framing −2 as in Figure 34, which is Stein with vanishing Chern class. Now s is represented
by the empty characteristic sublink (because of the Rolfsen twist) and so Γ(ξ, s) = 0 as required. 
For comparison, a closed, orientable 3-manifold with a taut foliation must be covered by R3 (except in
the cases of S1 × S2 and RP 3#RP 3), so spherical space forms such as lens spaces and the Poincare´ ho-
mology sphere do not admit such foliations. In addition, many Seifert fibered spaces with universal cover
R3 admit no taut foliations (or even essential laminations) [Br], although they do admit fillable contact
structures, frequently with both orientations. Taut foliations on Seifert fibered spaces are typically hori-
zontal, i.e., transverse to the fibers after a suitable isotopy (cf. [Br]). In contrast, many holomorphically
fillable contact structures are neither horizontal nor vertical (parallel to the fibers after isotopy). In fact,
there is a unique homotopy class of 2-plane fields transverse to a given Seifert fibration, and when F is
orientable any vertical 2-plane field ξ has c1(ξ) = 0 (since the fibers determine a section of ξ). Thus,
most of the examples in the above corollary will satisfy neither condition.
Since Seifert fibered spaces form a somewhat exceptional class of 3-manifolds, it seems useful to examine
a more generic family. Every oriented 3-manifold can be realized as integer surgery on a link in S3, so it
seems natural to consider a family consisting of all integral or rational surgeries on a fixed link. We will
consider the family of all rational surgeries on the Borromean rings, which includes other families such as
rational surgeries on all twist knots and Whitehead links. Before proceeding with this, we observe that
the set of n-tuples of rational coefficients for which surgery on a fixed link is a Stein boundary will be
open in (Q∪ {−∞})n, provided that we use the lower limit topology on Q∪ {−∞}. Note that the Stein
surfaces involved may have no obvious relation to the original link.
Proposition 5.8. Let L = K1∪· · ·∪Kn be a link in S3. Suppose that the oriented manifold M obtained
by surgery on L with coefficients r1, . . . , rn ∈ Q ∪ {−∞} bounds a Stein surface X. Then there are
numbers Ri > ri in Q (i = 1, . . . , n) such that whenever ri ≤ r′i < Ri, the manifold M
′ obtained by
(r′1, . . . , r
′
n)-surgery on L also bounds a Stein surface.
Proof. It suffices to assume that each coefficient ri is in Z ∪ {−∞}, for in the general case M can
be expanded as an integer surgery as in the proof of Proposition 5.3, and then a small increase in ri
can be realized by a small increase in the last coefficient ak of its continued fraction expansion. Write
L = L0
∐
L∞, where Ki ⊂ L∞ if and only if ri = −∞. Let L′ ⊂ S3 − L0 ⊂ M denote L∞ union
a meridian µi of each Ki ⊂ L0. After a small perturbation, we may assume that L′ is Legendrian in
(M, ξ) = ∂X . Choose coefficients s1, . . . , sn ∈ Q ∪ {−∞} for L′, with each si < tb(K ′i), where K
′
i = Ki
or µi in L
′ and the 0-framing on K ′i is determined via the inclusion S
3−L0 ⊂ S3. By the method of proof
of Proposition 5.3, we can add handles to X to obtain a Stein surface whose boundary M ′ is obtained
from M by (s1, . . . , sn)-surgery on L
′. By slam-dunking each µi in the original picture of L ⊂ S3, we see
that M ′ is also obtained from S3 by surgery on L, with coefficients si on L∞ and ri −
1
si
on L0. Thus,
we can take Ri = tb(Ki) if ri = −∞ and Ri = ri +
1
max(1,−tb(µi))
otherwise, where tb is measured relative
to the usual framing convention on S3 and the contact structure ξ induced by X . 
Now let M = M(r1, r2, r3) denote the oriented 3-manifold obtained by surgery on the Borromean
rings with coefficients r1, r2, r3 ∈ Q ∪ {∞} (Figure 46). Note that M is independent of the order of the
coefficients, and that reversing the orientation of M is the same as reversing the sign of each ri. Since
the Borromean rings form a hyperbolic link, M will be hyperbolic for “most” values of r1, r2, r3.
Theorem 5.9. The oriented manifoldM(r1, r2, r3) bounds a Stein surface, except possibly when (r1, r2, r3)
lies in one of the subsets A0, A2, A3 of Q
3 defined below. Each point in Aj has exactly j negative coordi-
nates, so M(r1, r2, r3) is always a Stein boundary if exactly one ri is negative.
Here, A0 = {(r1, r2, r3) | r1, r2, r3 ∈ [1, 4)} and A2 is the union of {(r1, r2, r3) | r1 ∈ [0,∞), r2 ∈ [−
1
3 , 0),
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r3 ∈ [−2[[−
1
r2
]] − 1,−6)} with its images under permutations of the coordinates. The set A3 is obtained
from {(r1, r2, r3) | r1, r2 ∈ (−∞, 0), r3 ∈ [−2([[−
1
r1
]] + [[− 1r2 ]] + 1), 0)} by intersecting it with its images
under permutation and deleting {(r1, r2, r3) | r1, r2, r3 ∈ [−6, 0), two ri ∈ [−1, 0)}.
Corollary 5.10. a) All integer surgeries on the Borromean rings are Stein boundaries except possibly
for the finite collection whose coefficients r1, r2, r3 satisfy (i) r1, r2, r3 ∈ {1, 2, 3} or (ii) one ri equals −1
and the other two are in {−2,−3,−4} or (iii) all ri = −2.
b) All homology spheres of the form M(r1, r2, r3) are Stein boundaries except possibly if all ri = 1,
when M is the Poincare´ homology sphere with reversed orientation.
Corollary 5.11. For fixed integers ℓ,m ∈ Z, let K(ℓ,m) be the knot shown in Figure 47, generalizing
the case of a twist knot, ℓ = ±1. Then all but finitely many integer surgeries on K(ℓ,m) are Stein
boundaries. All rational surgeries on K(ℓ,m) are Stein boundaries provided that ℓ,m, ℓ+m ≤ 2 and ℓ,m
are not both −1. More specifically, for r ∈ Q ∪ {∞}, r-surgery on K(ℓ,m) is a Stein boundary except
possibly in the following cases: (i) ℓ = m = −1, 1 ≤ r < 4, (ii) ℓ < 0, m ≥ 3, −2m− 1 ≤ r < −6 (or the
same with ℓ and m interchanged), (iii) ℓ,m > 0, −2(ℓ+m+ 1) ≤ r < −6.
 K(     )
 l   
 r   
 m   
l,m   
 L(   ) 
 2
 r   
 m   
 1
 r   
 m  
Figure 47 Figure 48
Corollary 5.12. For m ∈ Z, let L(m) denote the symmetric link in Figure 48, generalizing the Whitehead
links m = ±1. If m ≤ −2 then all integer surgeries on L(m) are Stein boundaries. If m ≤ 2 then all but
finitely many such surgeries are Stein boundaries. For any m there is a finite subset A of Z such that
any surgery on L(m) with coefficients in Z−A is a Stein boundary. Surgeries on L(m) with coefficients
r1, r2 ∈ Q ∪ {∞} are Stein boundaries with the following possible exceptions: (i) m = −1, r1, r2 ∈ [1, 4),
(ii) m < 0, − 13 ≤ ri < 0, −2[[−
1
ri
]] − 1 ≤ rj < −6 for (i, j) = (1, 2) or (2, 1), (iii) m ≥ 3, ri ≥ 0,
−2m − 1 ≤ rj < −6 for (i, j) = (1, 2) or (2, 1), (iv) m > 0, r1, r2 < 0, r1 or r2 < −6 or both < −1,
r1 ≥ −2([[−
1
r2
]] +m+ 1), r2 ≥ −2([[−
1
r1
]] +m+ 1).
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Proof of Corollaries 5.10–5.12. Corollary 5.10(a) follows immediately by looking for integer points in
A0 ∪ A2 ∪ A3. Part (b) follows from the observation that H1(M(
p1
q1
, p2q2 ,
p3
q3
);Z) ∼= Zp1 ⊕ Zp2 ⊕ Zp3 , so
M(r1, r2, r3) is a homology sphere precisely when each
1
ri
∈ Z. Blowing down M(1, 1, 1) twice exhibits
it as +1-surgery on the right trefoil, which is well-known to be the Poincare´ homology sphere oriented
as the boundary of a positive definite E8-plumbing. Similarly, r-surgery on the knot K(ℓ,m) is the same
as M(− 1ℓ ,−
1
m , r), by a pair of Rolfsen twists. Now Corollary 5.11 follows by comparing conditions (i)–
(iii) with the sets A0, A2 and A3, respectively. Surgery on L(m) with coefficients r1, r2 is the same as
M(− 1m , r1, r2), and conditions (i)–(iv) of Corollary 5.12 correspond to A0, A2, A2 and A3, respectively.
(Note that when r1, r2 ∈ Z, (ii) is vacuous and (iv) implies r1, r2 ≥ −2(m+ 2).) 
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Proof of Theorem 5.9. First, we exhibit some Stein surfaces bounded by M(r1, r2, r3) for various values
of the coefficients ri. Note that if any ri = ∞ then M is a connected sum of lens spaces, hence, a
Stein boundary. Figure 49 is Stein for r1, r2 ≥ 0, r3 < 1, cf. Figure 36. To see that its boundary is
M(r1, r2, r3), surger the 1-handles to 0-framed 2-handles and slam-dunk the meridians. Figure 50 is
Stein for r1 ≥ 0, r2 < 0, r3 < −2[[−
1
r2
]]− 1 (note that the twist is right-handed), and its boundary is M
by a −[[− 1r2 ]]-Rolfsen twist. Similarly, Figure 51 solves the case r1, r2 < 0, r3 < −2([[−
1
r1
]] + [[− 1r2 ]] + 1).
Figure 52 is Stein when r1 ≥ 1, r2 > 0 and r3 ≥ 4. (Note that the central ([[−
1
r2
]] + 1)-twist makes
sense, since there are −2[[− 1r2 ]]− 2 ≥ 0 left cusps.) Finally, Figure 53 is Stein for r1 ≥ −1, −1 ≤ r2 < 0,
r3 ≥ −6. To verify that Figure 52 depicts M(r1, r2, r3), apply a −[[−
1
r2
]]-Rolfsen twist to one component
to change its coefficient to r2, surger the 1-handle to a 2-handle and change its framing to r3 − 4 by a
slam-dunk, then blow down the −1-framed unknot. Finally, a +1-Rolfsen twist on one component to
restore its coefficient to r1 recovers Figure 46. (This figure arose as a generalization of the case r1 = 1,
1
r2
∈ Z+, the twist knot K(−1,− 1r2 ).) To recognize Figure 53 as M , surger and slam-dunk to change the
1-handle to an (r3+6)-framed 2-handle, +3-Rolfsen twist to eliminate the −
1
3 -framed unknot, then blow
down the +1-framed unknot (which only links the (r3 +9)-framed curve). A pair of −1-twists to recover
coefficients r1 and r2 yields Figure 46. (Figure 53 was produced by generalizing the case r1 = r2 = −1,
or r3-surgery on the left trefoil, which is ∓
∑
(2, 3, 6n± 1) if r = ± 1n .)
These Stein surfaces are sufficient to prove the theorem. Given r = (r1, r2, r3) ∈ Q3 with at most
one ri < 0, Figure 49 or 52 will exhibit M(r1, r2, r3) as a Stein boundary unless r ∈ A0. If exactly two
coefficients are negative, we permute so that r1 ≥ 0 > r2 ≥ r3. If r2 < −1 then Figure 50 realizes M as a
Stein boundary, so we assume r2 ∈ [−1, 0). Then Figure 50 or 53 works unless −2[[−
1
r2
]]− 1 ≤ r3 < −6.
This last condition is vacuous unless r2 ≥ −
1
3 , in which case r ∈ A2. Finally, if all coefficients ri are
negative, then Figure 51 or 53 will realize M unless r ∈ A3. 
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